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The model

Flat/spherical isotropic universe (FRW: k£ = 0, 1, —1) with massless scalar
field + cosmological constant (Abhays’s talk).

» Quantization method:

o o o b

» Matter DOF: standard (Schrodinger)
Kinematic Hilbert space: Héin = L*(R,do),
Configuration variable: ¢

® Geometry DOF: methods of LQG

Kinematic Hilbert space: L?(Rponr, d/tBohr ),
configuration variable: v o< volume of fiducial cell/ 3d Cauchy surface
basis: |v), (v[v') = 6y

Kinematical Hilbert space: 1™ = Hg2 @ H g™

grav

Scalar constraint: 035\11(1), ») = —0OU(v,¢); O — difference operator
Reinterpretation: free system evolving in ¢; © — evolution operator

Superselection: Hsh, = ®. Hsh, . where

grav

Hkin  _ restriction of HX" to functions supported on sets

grav,e grav

L. ={e+4n;n € Z} preserved by ©.
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Question & Outline

» Question:

N

® Outline: Considered model: £ = 0 unless specified othervise.

N

e o o o

Does © unambiguously define dynamics ?
Mathematically: Is it (essentially) self-adjoint ?

Form and general properties of ©
k=0,A=0;
Ek=0,A<0;,(k=1,A<0;k=—-1,A<0)
k=0,A>0;

Summary
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Evolution operator

® 0=0,—AVA()I+ 6 1Vs(v)l — 0 1 Vi(v)l

O, = B(v) 2 [—ha A(v)hg —h_o A(v)h_o+ A(v+2)+ A(v—2)]| B(v)~
halo) = [v+A)
A :=3rG/8|v|-||lv+ 1| — |v =1
B :=27/8v| v+ 1|13 — [v — 1]1/3]

Vi = Blv|B(v)™!, 3 = const; for large |v]: Vi o |v]?

Vs - (complicated) positively definite; for large |v]: Vg o< |v]*/3

Vi = Blo[Y/¥v + 1] — |o — 1|

®» Properties:

» Explicitely symmetric on D, — set of finite linear combinations of
lv), where v € L..

» Positively definite for A < 0incases k£ =0, 1.

N
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®» The results:
® 0O, Is essentially self-adjoint.
» Continuous part of its spectrum: [0, co).
» Essential spectrum: [0, co).
# Discrete and singular parts empty.

$» Method of proof:

® Thm 1: A - essentially self-adjoint, B - symm. and of trace class,
—
& A+ B - essentially self-adjoint
& continuous and essantial parts of Sp(A) and Sp(A + B) are
(respectively) the same.

#» We show that: ©, is up to trace class perturbation some operator
of well known properties.



A = 0: the sketch of proof (1)

® Def: Operator A is of the trace class < Tr(A) < o

» Perturbation:
. O, = —hoF(v)hy — h_oF (v)h_o + G(v)I
F=A(v)[B(v+2)]"?[Bv-2)]7"? =255 (v* =2 —a) + O(v7)
G =[A(v+2)+ Aw - 2)][B)] " = 23E (v? — a) + O(v?)
a=15/9
» Take the dominant parts only:
O, := hoF'(0)hg + h_oF'(V)h_o + G'(v)I
# The difference: ) ) A )
O, — O, :=hol"(v)hg + h o (v)h_o + G (v)]
IS a trace class operator.
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A = 0: the sketch of proof (2)

®» Set of unitary transformations:
» Fourier transform: F : Hkin — — L2([0, 27])

grav,e

v € D — (F)(x) =, cp V(e + 4n)einTe/Ve
Transformed operator: 0" = FO'F 1
6 = —3rG |(4sin (%) 9, + cos (%)) + (@ + 1) sin® (§)]
Domain: D(©") := Cg%,. ([0, 27]) =

{f e C>(]0,27]); f = 0o0nthe neigh. of 0,27}

» Variable transform: y(z) = 1 Intan (%)

)
Transformed operator:
B . B 2 a+1
O =W-—1e"W = 127G (_ay o 4COSh2(ay)>
Domain: C5°(R)
® Properties of ©"

# s essentially self-adjoint,
» absolutely cont. part of spectrum is [0, co),

# abs. cont. part is unitarily equivalent to —127TG0§.
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A <O

®» The results:
# O Is essentially self-adjoint,
® its spectrum is discrete,
# density of eigenvalues A < E is bounded from above by the
number of elements of: {n € Z; B|A||v|[B(v)]~! < E}
$» Method of proof:

#® Thm 2: Suppose (' is essentially self-adjoint, its spectrum is
discrete.
Then the operator C' = C; + C5, where
|CrplI? < [Corp])? + B (197
(for some 5’ > 0) is also essentially self-adjoint and its spectrum
IS discrete.

#» We show that: Above inequality is satisfied for C' = © and
being some simple diagonal operator.
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A < 0: the sketch of proof (1)

®» The inequality:
» 0= @1 -+ @2
@1 — —th(’U)hg — h_QF(U)h_Q, @2 — G(?})H,
F = A(v)[B(v+2)]_1/2[B(v — 2)]_1/2 — %(02 —2—a)+0(v™?),

G = [A(v+2)—|—A(v—2)—ﬁA|vH% = (2ZZ—BA)(v?—a)+O0(v2).

» [019]2 < 4|GY|? < A(|FY|2 + 2| (F )Y 29|12 + | F|?) = ()
# Given a bounded f the operator f(v)I is bounded on D., thus
38,8 > 0s.t. (%) < [|GY|2 + (|97 < [|©29]]% + 5|17
$» Bound on number of eigenfunctions:

» Given an operator —GA|v|/B(v)l all states |e + 4n ), n € Z are
eigenstates.

Number of A < E'is a number of n s.t. |A||le +4n|/B(e + 4n) < E.

® O = || = BA|[B(v)] .
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A < 0: the sketch of proof (2)

®» The extensions:

# Itis enough that inequality of Thm.2 is satisfied outside of
compact set of v. Thus since for large |v| V4 dominates over Vg
the results hold also for £ = +1 (with possibly different estimates
on number of A < E).

# Analogous estimates can be made for A = 0, k = 1 thus the
results hold also in that case.
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A >0

®» The results:
® 0O Is NOT essentially self-adjoint. There exists many extensions.
# Family of extensions is 4-dimensional, and
# spectrum of each extension of © is discrete.

$» Method of proof:

# Thm 3: Suppose that for given © the spaces K. of normalizable
solutions to ©¢4 = +i¢ (the deficiency subspaces) are
nontrivial and have equal dimension. Then:

& O has many self-adjoint extensions,
& thereis 1 — 1 correspondence between set of extensions and
set of unitary operators U, : K, — K_

# We show that: all (elements of 2-dimensional space of) deficiency
functions are normalizable.
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A > 0: the sketch of proof (1)

®» The decomposition matrix

# The (difference) equation ©[y) = A|v), A € Cis a 2nd order one
and can be written in matrix form

wn — M@,n¢n—1 9 wn — (¢n+1,¢n)T

where Mg — known 2 x 2 matrix and ¢, = (e + 4nly).
» 1), can be writen as linear combination of functions

e+ (v) = [v] Le™,
where w(Ai) satisfies cos(dw) =1 — (23/371G)A.
. <e+ (e4+4(n+1)) e_(e+4(n+ 1))) <a+> e

et (e +4n) e_(e+4n) o

# Equation can be written as «,, = B,,a,,—1 Where
B, = A 'Mg A1 =1+ O(v™?)
In consequence there exists limit « := ([[._ B,.)a,

m=n
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A > 0: the sketch of proof (2)

®» Convergence:

# Forlarge v 1) converges to certain function ) — combination of
€L.
Due to form of B,, the corrections ) — 1>° are normalizable.
Since limit itself is normalizable, all eigenfunctions are
normalizable.
® Method works only for A < A. = 37nG/[.

® For A > A. physical Hilbert space has at most 1 element.

e o
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Summary

Evolution operator O is:
» essentially self-adjoint for A <0
# not essentially self-adjoint for A > 0.

For A = 0 the spectrum

# Sp(©)=10,00) and

# s absolutely continuous.

ForA <O (any k)or A =0,k =1, k=1 spectrum is

# discrete, and

» for given £ > 0 the number of eigenvalues s.t. A\ < E is bounded
from above.

For A > O:

» There is 4-dimensional family of self-adjoint extensions of ©.

# Spectrum of each extension is discrete.
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