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Prehistory

New
developpements

references

Barrett-Crane ...

S. Alexandrov covariant phase space formulation
Oriti, Livine Immirzi dependence

Livine-Speziale coherent states for spin foam
Engle, Pereira, Rovelli new vertex, link with LQG, new
way to implement the constraints

Livine-Speziale coherent states for new vertex

coherent state, Immirzi parameter,

F, Krasnov GFT, measure, Lorentzian

EP, EPRL canonical implementation of Immirzi

Pereira Lorentzian Immirzi

Alexandrov Implementing constraints in path int.



3 Problems with Bar rett-Cr ane

B-C Model capture a great deal of the right quantum physics of gravity
but...

Gluing problem Geometry of two tetrahedra viewed from
different 4-simplex seemsl/is different

Rigidity problem BC Model was a unique solution of the set
of simplicity constraints. The other sectors
that should have been there were invisible.
No way to include Immirzi parameter.

Link with LQG No clear link between boundary states of
BC and LQG spin network

A priori unrelated puzzles except that
the solution to one problem leads to the solution of all 3!

Not everything is resolved but there is a clear sign of convergence that
gives us a great deal of confidence that we are on the right tracks




Plan

1 Classical analysis of the simplicity constraint and Immirzi parameter
2 BF guantisation

3 Quantum imposition of the constraints, coherent states

4 Discussion, comparison of the models

5 canonical analysis

6 Semi-classical limit




Spin Foam models: constr aint BF

The choice of local amplitudes determines the dynamics
either by exponentiation of the hamiltonian constraint

Or more efficiently via a spacetime (feynman integral) approach

One uses the fact that gravity can be written as a constraint
topological BF theory.

In the first order formalism e: frame field, A: SO(4) connection

_ 1
- 2G
SO(4) BF theory + constraints

S Lk € ! €1 RYHA)

L

s= B'"1 FYA) B e e

= %!IJK
B is a simple 2 form

In the following we will restrict to the case of Euclidean gravity first for
simplicity.




Spin Foam models: constr aint BF
s= B! FY(A)

The simplicity constraints can be implemented in terms of a quadratic

set of constraintson B | BIIGKL n |
IIKL B Py -l H#

imply either B'Y =€ A¢€

In this case the theory is topological!
or B' = 15, 6! €
In this case the theory is gravity

The idea Is then simple: construct quantum gravity amplitude by
restraining the integration measure on the B field in the proper sector

Different philosophy than EPR who impose the constraints one the vertex amplitude at
the canonical/operatorial level following an approach similar to Barrett-Crane

We can construct an exact finite path integral representation for the
topological BF theory in terms of a state sum model.

¥In 3D exact guantisation: Ponzano-regge model



Immirzi par ameter

Immirzi parameter " : Adimensionless coupling in the classical action

1 1
S(e,A) = é!'JKLe. &e; &R*H(A)Y+ = g &e; &R (A)

parametrize an interpolation between Cartan-weyl formalism " = # and
metric formalism (zero torsion) " =0

"=, self dual gravity

No classical effect except a parity violating fermion interaction
experimental constraint on the value of Is very weak and depend
on the choice of fermion gravity coupling

It modify the Poisson structure
At the quantum level:
¥ Leads toinequivalent guantisation (like a theta term)

¥ Compactification of the phase space 0%
—> Discrete spectra of geometrical operators. A&! j(j + 1)




Immirzi par ameter

s= B"! FY(A)

1
B!I ) (e) = $(e# e)” + ;e' # e . werestrict to euclidian GR

Since  $B,:1(e) = "B, ().

No more any distinction between topological and gravitational sector as
long as" is different from O or infinity.

l = 1 self dual point

. . O<l <1
Two distinct quantisation sector

1< ! <1
. n ! 1
Since e" e= 1#|2(B #13$B,) = T# T2

Limit" =1 is a singular limit It is possible to take limits” =0,! with fixed €" €

($B,7! 1 # l B’Y! 1)

l =00 B =%e" e




BF theory quantisa tion

Let chose a manifold M with boundary " and lets pick a 4-valent
graph in # labelled by representation of SO(4)

We chose a 2d cell complex that bound this graph and reproduce to
topology of M: dual triangulation

If one focus on the 1dimensional skeleton of S we obtain a 5-valent graph

* a¥a
vertex edge/%ie/ o

Each edge of this 5-valent graph is the meeting point of 4 edges

generating moves on boundary spin networks= slice of S

S MY




BF theory quantisa tion

We chose a 2d cell complex S that bounds this graph and reproduce to
topology of M: dual triangulation

Given S we consider the discrete action

S = Tr(Xfo)
f

Xi  ALie algebra element associated with each face

F.'

Gt =  Ge Holonomy around each face

el f
Z = /HdGeHdeeiS(Xf’Ge)
e f

Ge,

: R
discretizationof Z= DADBe (B! F(A)




BF theory quantisa tion

/HdG de s X1

Using Plancherel forgula
HG) = d; % (G)

J
and recoupling theory we can integrate the G

We obtain a state sum model or spin foam model

# 1" 1] \NP . ., VAV
" d Jf 1 aaa]f 10
YA ( ,J, | ) - Js | . 344
Jf Ie f \Y el 1 e5
& () L( _)
Sum over internal SO(4) rep
and intertwinner

15j symbol

Independent of the triangulation and finite after gauge fixing




Simplicity conditions
Tr(X¢Gr) + simplicity constraints on X; = X7 J,

f 1
B'W = 1 ! €

Lets focus on one vertex: 10 faces meet 2G
AlJ area bivector

1J — ||J A
simplicity constraints X; fof a flat 4-simplex

Hodge dual: X' = @/21"7% X« L

1-simplicity constraints X, & :f X defines a
0/ geometrical plane

for each face bivector :

2 planes intersect

2-cross-simplicity constraints for pair X &%
along a line

of bivectors sharing an edge:

3-Closure constraints

1,2,3 implies that X is simple
1J — 13 AKL L
X¢™ = !KLAf gravitational sector

X = A topological sector




Simplicity conditions
Tr(X:Gr) + simplicity constraints on X; B2 = _L1,c.e 1 ¢
f Xf = XfIJJ”
Lets focus on one vertex |
: .. : 1J i J] Ue normal vector to a
simplicity constraints  X;~ = Vngny tetrahedra dual to e
_ V 4-simplex volume
Hodge dual: X' = (/218X | P

1+2-simplicity + cross simplicity constraints
for pair of bivector sharing an edge ¥1in. =0
there exist ne such that: £ el

3-Closure constraints

1,2,3 implies that X is simple

1J — y1J AKL o
X¢” = LELAY ™ gravitational sector only

X{Ing =0 — Xf” = A]'c‘] topological sector




Simplicity conditions
Tr(X:Gr) + simplicity constraints on X; B2 = _L1,c.e 1 ¢
f Xf = XfIJJ”

Lets focus on one vertex
n' normal vector to a

. - . . | J
simplicity constraints X = V' "ul u} ® tetrahedra dual to e
_ V 4-simplex volume
Hodge dual: X' = (/215X | "

1+2-simplicity + cross simplicity constraints
for pair of bivector sharing an edge X1 Ua = 0
there exist ue such that: f Hel —

3-Closure constraints

We can now dea}l with the immirzi parameter

| . )
Al = X1l —s uXYH#1yXY =0

1# 12




Simplicity conditions

1+2-simplicity + cross simplicity constraints
for pair of bivector sharing an edge ]
there exist ne such that: XiNg =0

We can decompose any bivector as a sum of self dual and anti self dual
components. This corresponds to the isomorphism

Lie(SO(4)) = Lie(SU(2)) + Lie(SU(2)) X = (X*,X%) X = (X*,1 X?)

simplicity constraints X = (Xt,! UeXsud?l) Ue " SU(Q2) # S°

X_ - $e" ¢ 7 \f normal vector
gravitational sector ~ SO(4) SU(2)

X=(e"¢ Xn,;=0 Xt = (X¢,UeXsuh)
topological sector




Simplicity conditions

1+2-simplicity + cross simplicity constraints
for pair of bivector sharing an edge ]
there exist ne such that: XiNg =0

We can decompose any bivector as a sum of self dual and anti self dual
components. This corresponds to the isomorphism
Lie(SO(4)) = Lie(SU(2)) + Lie(SU(2)) X = (X', X%) X=(X*1Xx%)

Non trivial Immirzi n, )(f'J | 1n, )("J = Two sectors

0<! <1 X = (1+1)X;,(1# !)uexfu!el‘“
+ ¢

H D
1<! < Xrp= 1+ D)X, #0 # DuXu !
In both cases the area bivector is given by

A; =1 (X5, UeXgugb)




Simplicity conditions

1+2-simplicity + cross simplicity constraints
for pair of bivector sharing an edge ]
there exist ne such that: XiNg =0

We can decompose any bivector as a sum of self dual and anti self dual
components. This corresponds to the isomorphism
Lie(SO(4)) = Lie(SU(2)) + Lie(SU(2)) X = (X', X%) X=(X*1Xx%)

Non trivial Immirzi n, )(f'J | 1n, )("J = Two sectors

0<! <1 X = (1+1)X;,(1# !)uexfu!el‘“
+ ¢

H D
1<! < Xrp= 1+ D)X, #0 # DuXu !
In both cases the area bivector is given by

A; =1 (X5, UeXgugb)

Duflo map Quantisation, Alekseev



Par tition function
# o Fom "

n Gel
ZgE = dj, dGe . (Gf) &= G
Jf f e f el f Gen

Ge= (,%) * 3 =(/.i) w
In order to implement the simplicity constraints the idea is to

Insert a decomposition of the identity inside the character

We use group coherent states  [j,n#$ njj,j# i, n#$ n|j, % #
1] ,] " SU(2)highest weight i."j! lowest weight

unity decomposition 1 = d| dglj, 9"#, g
SU(2)

states of mimimum uncertamty X(‘j 0! n|P|j, n#
represent a vector in R> of |
guantized length and direction n

&
#Jf (Gf ) —-é dNEf de #Jf ’ Nef |Gee' |‘]f ’ Ne!f $

=j(ntan" B jn’,

| f i+t nt ;N
(e) |Jf,Nef#: |Jf 1nef#$ |Jf ’nef#




Par tition function

We can now implement the simplicity constraints Ge,
by replacing the integration over all bivectors to an
Integration only over simple ones

Ge,
19¢, Nt #J5 , Nt I/yw
1r Net#= i, n5#8 iy ng#t == (Xjep+, #Xj1 ot )

- 4+ o | . -
] =] simple representations

This means that we restrict to

nef

:
H
|

A4

= UeNy
and insert along each edge the simple intertwinner

1+ % —> G dj2 dn|j,n"# |j,n"®,n|# $,n|. gravitational sector

j I |
Gj — de >L< Cf( Cf( gaussian picked around j=0
K J :

J

k=0 Is the Barrett-Crane intertwinner
correspond to a geometry where A is not the same across tetrahedra




Par tition function

We can now implement the simplicity constraints Ge,
by replacing the integration over all bivectors to an
Integration only over simple ones

Ge,
19¢, Nt #J5 , Nt I/yw
1r Net#= i, n5#8 iy ng#t == (Xjep+, #Xj1 ot )

- 4+ o | . -
] =] simple representations

(X, #uXuyt)

This means that we restrict to

nef

:
H
|

A4

= UeNy
and insert along each edge the simple intertwinner

70

1j+ $ 1j! —_— BC; = dndnrl|j,n%& |j,n%), #| & ' 7, 7| Barrett-Crane

Cf( =0 unless k=0

k=0 Is the Barrett-Crane intertwinner
correspond to a geometry where A is not the same across tetrahedra




Par tition function
We can now implement the simplicity constraints

Ge,
by replacing the integration over all bivectors to an
Integration only over simple ones

Ge,
|Jf, Net #'Jr , Neg | =
e Nt % [T n & it nt % = (Xge oty X)) <>

"=
.

This means that we restrict to

:
H
|

A4

N, = Ugny

and insert along each edge the simple intertwinner
+H

1.$ 1 —> T %d dnlj,n#$ |j,n#],n|$ "j,n| topological sector

Tj — d2j |

IS the intertwinner proposed recently by Rovelli, Engle et al.

These intertwinners gives invertible maps from
SO(4) representation to SU(2) ones




Par tition function l < 1

We can now trivially insert the Immirzi dependence

1

P
36 Ner % 7 5 & [ ani% = (Xgon), X)) = (L DX, (L# ueXeug

+H

Ai =1 (X5,ueXsu,t)

. : | T 1+ 1| .
This means that we restrict to J — ' N. = UNn'
e €' lef
' rational ] 1# !

ef

and insert along each edge the ! -simple intertwinner
L+ $ 1 —> d-d:G = dnlj,,n" [ji,ni.,n|" #H |
(1+ 1)k (1+ 1)k
k
(1#:! )k (1:# 1)k
The SU(2) spin carries information about the face area
A= +j')=j" 8]

exact agreement with the canonical analysis of EPR




Par tition function
We can now implement the simplicity constraints

Ge,
by replacing the integration over all bivectors to an
Integration only over simple one

Ge,
|J¢, Net #'3J¢, Nt | _'_)l :: I

and insert along each edge the simple intertwinner G;

Closure constraints are implemented by the integral over the
group elements including the normals

I ~

¥ 4 $¢  dueljr,ueni% = 0
Frt




Par tition function
We can then perform the integration over the group

elements and obtain a spin foam model which involves
simple representation of SO(4) and simple intertwinner
The boundary states of this spin foam model G|
are SU(2) spin network as in LQG

| .. ! , S e %
A.V(inle): 1580(4)(Jf1jf1|t’|:[) d d ff'(Jf)

t

with OsimplicityO constraints

1+
itoA# !

The presence of the Immirzi parameter allow to finally make
the link with LQG...

the measure factors are uniquely fixed from the coherent state derivation, checked to be consistent
with the lagrange multiplier picture










N 1!
@2 + m2jt + 1% m)!

Are these models fundamentally different ?




i} (2i*)2j")
2i* + MI2j' +1$ m)!

Are these models fundamentally different ?

No for ! of order 1

Yes for ! — o0 EPR becomes equivalent to Barrett-Crane




Partition function ! >1

' |
78] e cm = (2 ') )!
J’*J’I‘ 2j* + m)(2j' + 1% m)!
j! > 1 j!

8

The expansion coefficients are exponentially small for! not too large

The exponential bound Is independenton| ——>

the two models are practically/ numerically indistiguishable for finite !
and large |

There is however some fundamental differences in the
canonical structure




Canonical Str ucture ' <1

Given the spin foam model S we can slice it and obtain boundary
state amplitudes z (! k., i,) for spin foam with boundaries.

The boundary states arising in the model are 4 valent SU(2) spin networks
1 =0

Moreover these states for a complete set for the spin foam
amplitudes
Zous'(1,17) = Zs(' ! i) Zs (Vi ')

ke 77’V

The sum being over all SU(2) coloring of the graph | "

For ! = 0 not all SU(2) spins appear in the boundary spin network

also true for EPR! >1




Canonical Str ucture !'>1

Given the spin foam model S we can slice it and obtain boundary
state amplitudes Zs('.kejeiv) for spin foam with boundaries.

The boundary states arising in the model are 4 valent
Projected SU(2) spin networks

Graph with edges labelled by a pair (k,}) where kis a SU(2)
representations and | a simple SO(4) representation <k
with vertices labelled by SU(2) representations

Essentially they are SU(2) spin network at the kinematical level carrying an extra
edge label allowing the definition of Z

Moreover these states for a complete set for the spin foam
AmpIudes — zoo (1,1 = Zs( )25 i)

ke,je,iv

The sum being over all projected SU(2) coloring of the graph

At finite! only a few j( k contribute to the sum




Semi-Classical Limit

A simple but key observation is that for the class of models obtained via

coherent states one can reformulate the spin foam models in term of
an action local on the wedges.

This follows non trivially from the coherent state representation.

On one hand we have the spin foam representation ! <1

Zy = UGr.ie)Ayr Kersie)

jf,ie
$ e Oy !
HOf.0e) = #7 d,qp & ~ a. #° d.d) & JEG) = @£ )i
f e

It e
f,el f

| . . ' . -+ . .4 . % | .+
Av(lt,le) = 1ot .01y )  dis digfifi!e(l_)'

+ t




Semi-Classical Limit

A simple but key observation is that for the class of models obtained via

coherent states one can reformulate the spin foam models in term of
an action local on the wedges.

This follows non trivially from the coherent state representation.

On one hand we have the spin foam representation ! <1

Zy = UGr.ie)Ayr Kersie)

jf,ie
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Semi-Classical Limit

On the other hand we can write the model in terms of a
classical action

We introduce an SO(4) discrete connection Jev; Jef

with curvature around OwedgesOG o = gey Gve Je't Gte

We can parametrise the X field in terms of a spin j and SU(2) elements

J 1, Ug,y Xet -> Xef = jf (Xef , UeXef U; 1)

Zy =) Hr. o)Ay (i1, Ker,ie)

"jf ,ie

P
DXDg e e Set (Xet Ger)

with

70

S(X,G) = (1+ 1)j;Intr Y*G* + (1# )j; Intr Y’




Semi-Classical Limit

The idea Is now ver simple one needs to integrate out
all variables except | u

We introduce an SO(4) discrete connection Jev; Jef

it UeXet —— Xgr = jf(Xef, UeXe Uy 2)

P
Z — DXDg e ef Sef(xef ,Gef)

gl
In the semi-classical limit we integrate out  Jev, Jef, Xef

Under the hypothesis that curvatures are small (j large) and ' =
We can show that the resulting effective action S(jt,Ue) is the Regge
action !

This results can be generalise to any gamma.




Conc lusion

Shown how to construct a spin foam model which implement the simplicity
constraints of gravity in the path integral
The structure Is surprisingy simple and non ambiguous : contained
In the edge intertwinner, can acommodate the Immirzi parameter

These models have a very natural Group field theory representation
Lorentzian case can be implemented

In the case ! < 1 our spin foam derivation agrees with EPR canonical

derivation and boundary states are SU(2) spin network

In the case ' > 1 our spin foam derivation disagrees with EPR canonical
derivation and boundary states are Projected SU(2) spin network

The coherent states models have the right semi-classical limit

It is a very exciting time with new possibilities and convergence emerge.

Much more to do: Reinforce the link between spin foam and LQG
Numerical studies
Path integral rep of the Lorentzian case
Detail study of the Path integral measure
Understanding the self dual limit, ! =0 ...




Immirzi P arameter
We can then perform the integration over the group

elements and obtain a spin foam model which involve Ge,
simple representation of SO(4) and simple intertwinner m\l

The boundary states of this spin foam model Ti__Sg

are SU(2) spin network as in LQG G w

! %
AV(jfiie): 1580(4)(jf1jf1i:—’i:[) d d ff'(Jf)

t

k(J) = 2 topological
k(j)=  Ckk

i © gravitational
k

Very good news but

The link with LQG is not yet establish since it require the
Immirzi parameter




