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3  Problems with Bar rett-Cr ane

Gluing problem Geometry of two tetrahedra viewed from 
different 4-simplex seems/is different 

Rigidity problem BC Model was a unique solution of the set
of simplicity constraints. The other sectors 
that should have been there were invisible.
No way to include Immirzi parameter.

Link with LQG No clear link between boundary states of 
BC and LQG spin network

the solution to one problem leads to the solution of all 3 !

A priori unrelated puzzles except that

Not everything is resolved but there is a clear  sign of convergence that 
gives us  a great deal of confidence that we are on the right tracks

B-C Model capture a great deal of the right  quantum physics of gravity 
but...
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1 Classical analysis of the simplicity constraint and Immirzi parameter

2 BF quantisation

3 Quantum imposition of the constraints, coherent states 

4 Discussion, comparison of the models 

5 canonical analysis 

6 Semi-classical limit 



Spin Foam models: constr aint BF
The choice of local amplitudes determines the dynamics 
either by exponentiation of the hamiltonian constraint 
Or more efficiently via a spacetime (feynman integral) approach

One uses the fact that gravity can be written as a constraint 
topological BF theory.  Plebanski, Ooguri, Reisenberger, L.F, Krasnov, De Pietri, Perez,...

SO(4) BF theory + constraints 
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B is a simple 2 form

In the following we will restrict to the case of Euclidean gravity first for 
simplicity.



Spin Foam models: constr aint BF

The simplicity constraints can be implemented in terms of a quadratic 
set of constraints on B

We can construct an exact finite path integral representation for the 
topological BF theory in terms of a state sum model.

¥In 3D exact quantisation: Ponzano-regge model
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In this case the theory is gravity

The idea is then simple: construct  quantum gravity amplitude by 
restraining the integration measure on the B field in the proper sector

Different philosophy than EPR who impose the constraints one the vertex amplitude at 
the canonical/operatorial level following an approach similar to Barrett-Crane 



Immirzi par ameter
  
Immirzi parameter     : A dimensionless coupling in the classical action 
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1

I. R EM A R K S

review by abhay and jerzy Check the immirzi parametrisation (dowload Art em L paper)
Check the Lost papers. downlaod them Check the coe! for volume and area (prper ref)
Check the BH entropy paper

S =
1

2G

!
! I J K L eI ! eJ ! RK L +

1
2"

eI ! eJ ! RI J +
#
3

! I J K L eI ! eJ ! eK ! eL (1)

"
ggab = tr( E aE b) (2)

{ E a
i (x), Aj

b(y)} = " G$a
b$j

i $(x, y) (3)

" (4)

" = 0 (5)

" = # (6)

" = 1, i (7)

" (A) (8)

S(e,A) = SP (e,A) +
1

2" %

!
eI ! eJ ! RI J (A) (9)

%= 8&G (10)

" (A) = " (A!) (11)

h! (A) = Pexp
!

!
A (12)

E S,f =
!

S
E af a (13)

[E S,f , h! ] =
"

! " S

h! 1 f h! 2 (14)

1

I. R EM A R K S

review by abhay and jerzy Check the immirzi parametrisation (dowload Art em L paper)
Check the Lost papers. downlaod them Check the coe! for volume and area (prper ref)
Check the BH entropy paper

S =
1

2G

!
! I J K L eI ! eJ ! RK L +

1
2"

eI ! eJ ! RI J +
#
3

! I J K L eI ! eJ ! eK ! eL (1)

"
ggab = tr( E aE b) (2)

{ E a
i (x), Aj

b(y)} = " G$a
b$j

i $(x, y) (3)

" (4)

" = 0 (5)

" = # (6)

" = 1, i (7)

" (A) (8)

S(e,A) = SP (e,A) +
1

2" %

!
eI ! eJ ! RI J (A) (9)

%= 8&G (10)

" (A) = " (A!) (11)

h! (A) = Pexp
!

!
A (12)

E S,f =
!

S
E af a (13)

[E S,f , h! ] =
"

! " S

h! 1 f h! 2 (14)

1

I. R EM A R K S

review by abhay and jerzy Check the immirzi parametrisation (dowload Art em L paper)
Check the Lost papers. downlaod them Check the coeff for volume and area (prper ref)
Check the BH entropy paper

S =
1

2G

!
! I J K L eI ! eJ ! RK L +

1
2"

eI ! eJ ! RI J +
#
3

! I J K L eI ! eJ ! eK ! eL (1)

"
ggab = tr( E aE b) (2)

{ E a
i (x), Aj

b(y)} = " G$a
b$j

i $(x, y) (3)

" (4)

" = 0 (5)

" = # (6)

" = 1, i (7)

Ψ(A) (8)

S(e,A) = SP (e,A) +
1

2" %

!
eI ! eJ ! RI J (A) (9)

%= 8&G (10)

Ψ(A) = Ψ(A!) (11)

h! (A) = Pexp
!

!
A (12)

E S,f =
!

S
E af a (13)

[E S,f , h! ] =
"

! " S

h! 1 f h! 2 (14)

self dual gravity

No classical effect except a parity violating fermion interaction 
experimental constraint on the value of    is very weak and depend
on the choice of fermion gravity coupling Rovelli, Perez, L.F, Minic, 

mercuri,alexandrov

It modify the  Poisson structure 

At the quantum level:  
           ¥ Leads to inequivalent quantisation (like a theta term)
           ¥ Compactification of the phase space 
                   Discrete spectra of geometrical operators. 

Hotlz, Barbero, Immirzi
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Immirzi par ameter

  
Two distinct quantisation sector 

Holst, Barbero, Immirzi
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I. THE MODE LS

In this sectionwe revised some of the new developpements concerningthe construct ion
of spin foam models. One of the main feature of the recent developpement concerningthe
construct ion of a spin foam model is the fact that it is now possible to construct spin foam
models including the insertion of a non zero Immirzi parameter. This is essential because
one of the main claim of Loop quantum gravit y, the fact that the spectra of geometrical
operator is discrete is valid only whenthe valueof the immirzi parameter is non zero. It was
argued in [? ] that a non-trivial value of this parameter implies a compactiÞcation of the
phasespaceof Riemannian gravit y explaining in a di! erent way why all the spectra appear
to be discrete. IndeedThe spectra of the area is quantized in the form

A = !"
!

j (j + 1) (1)

where j label an SU(2) spin and ! = 8#G. This formula obviously become ill deÞnedif
" = 0 or " = ! , these valuesof " shoud be understood as limiting value for the immirzi
parameter and no conclusion can be drawn for the loop quantum gravit y discreteness. In
fact oneexpect a continuusspectra in the limit " " 0. Note that this discretenessstatement
is valid for the kinematical area operator, wether the discreteness survives in a Lorentzian
theory for physical operators is not established and under debate([? ],[? ]).

At the classicallevel this parameter is present in the classicalaction asshown by Hotlz [?
], and, even though doesnot modify the equations of motion of the theory, it doesmodify
its symplect ic structure. The action for gravit y can be written as

SG,! =
1
!

"
B I J

! (e) # R(A)I J (2)

whereA is an SO(4) connection and B! (e) Lie algebra valued two-form ÞeldB I J of the BF
formulation. It depends on the gravit y frameÞeldwhich are one-formseI and on the Immrzi
parameter " :

B I J
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A straight forward but important remark made by (Engle) is the fact that we have the
identit y

$B! ! 1 (e) = " B! (e). (4) { star }

This identit y is important for the following and in keyorder to interpret properly the previous
works [? ]. SupposeÞrst that we take the limit " " ! while keepping! Þxed then the
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BF theory quantisa tion
Let chose a manifold M with boundary    and  lets pick  a 4-valent 

graph  in      labelled by representation of  SO(4)
We chose a 2d cell complex that bound this graph and reproduce to 

topology of  M: dual triangulation 

If one focus on the 1dimensional skeleton of S we obtain a 5-valent graph

generating moves on boundary spin networks= slice of S 

Each edge of this 5-valent graph is the meeting point of 4 edges

vertex faceedge
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BF theory quantisa tion
We chose a 2d cell complex S that bounds this graph and reproduce to 

topology of  M: dual triangulation 

Given S we consider the discrete action
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Holonomy around each face
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We have already seenthe the ÒcorrectÓway to imposethe simplicity and cross-simplicit y
constraints is to demandthat there is a vector nI such that all the area bivectors AI J

f are
orthogonal to nI . In the case (19) we have been consideringso far this meant that the
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The topological sector is similarly described by changing the ! to a + in the second factor.
Let us now restrict to the Riemannian casefor simplicity. It is clear from (89) that at the

quantum level the non-trivia l ! simplicity constraints ammount to the following restriction
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wherej " Z/ 2 is a half integer.
The above considerations allow us to write a spin foam model that corresponds to a
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Simplicity conditions

1+2-simplicity + cross simplicity constraints 
for pair of bivector sharing an edge 
there exist ne such that:

2

X f Gf =
!

e! f

Ge

Ge1 ááá Gen

Jf i e

X f = X I J
f JI J

X I J
f = Vn[I

e nJ ]
e! = ! I J

K L AK L
f

= AI J
f

f = (ee")

V nI
e AI J

f

÷X I J = (1/ 2)! I J K L X K L

÷X I J
f X f I J = 0

÷X I J
f X f ! I J = 0

"

f # e

X I J
f = 0

÷X I J
f neI = 0

ggab = tr( E aE b) (8)

{ E a
i (x), Aj

b(y)} = " G#a
b#j

i #(x, y) (9)

" (10)

" = 0 (11)

" = ! (12)

" = 1, i (13)

! (A) (14)

S(e,A) = SP (e,A) +
1

2" $

#
eI " eJ " RI J (A) (15)

$ = 8%G (16)

We can decompose any bivector as a sum of self dual and anti self dual 
components. This corresponds to the isomorphism 
Lie(SO(4)) = Lie(SU(2)) + Lie(SU(2))
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We have already seenthe the ÒcorrectÓway to imposethe simplicity and cross-simplicit y
constraints is to demandthat there is a vector nI such that all the area bivectors AI J

f are
orthogonal to nI . In the case (19) we have been consideringso far this meant that the
variables X I J

f had to be required to be parallel to nI . In the case of a non-zeroImmirzi
parameter we get the requirement:

nI X I J
f ! ! nI

÷X I J
f = 0. (88)

When written in terms of the self dual decomposit ion this condition meansthat there exist
X in su(2) and u " SU(2) such that

X f =
!!

1 +
1

#
" !

"
X f , !

!
1 !

1
#

" !

"
uX f u! 1

"
. (89)

The topological sector is similarly described by changing the ! to a + in the second factor.
Let us now restrict to the Riemannian casefor simplicity. It is clear from (89) that at the

quantum level the non-trivia l ! simplicity constraints ammount to the following restriction
on the irreducible representations of SO(4):
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wherej ± are half integers. It is clear that this condition canbe satisÞedonly if ! is rational,
and given by
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Thus, this parameter is then always bigger than 1 in modulus. Interestingly, this means
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wherej " Z/ 2 is a half integer.
The above considerations allow us to write a spin foam model that corresponds to a

non-zero! . As before, oneneeds to specify only the intertwinner associated with each pair
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We use group coherent states
complex conjugate
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A. Coheren t stat es

Let us Þrst describe the coherent states for the group SU(2). It will then be trivial to
generalize it to SO(4).

We will start from the following obvious decomposition of the identit y operator in the
representation spaceV j of dimensiondj ! 2j + 1:

1j =
!

m

|j , m"#j , m|, (23)

where |j , m", m $ [%j , j ] is the usual orthonormal basis in V j . Let us rewrite the same
operator by inserting in it the Kronecker delta

! mm ! = dj

"

SU(2)
dgtj

mj (g)t j
m! j (g) (24)

written in terms of an integral over the group. Here tj
mj (g) is the matrix element of the

group element g in the representation j computed betweenthe states#j , m| and |j , j ", the
latter being the highest weight state. More generally:

t j
mm ! (g) ! #j , m|g|j , m!". (25)

This gives:

1j = dj

!

mm !

|j , m"#j , m!|
"

SU(2)
dgtj

mj (g)t j
m! j (g) = dj

"

SU(2)
dg|j , g"#j , g|, (26)

wherewe have introduceda notation:

|j , g" ! g|j , j " =
!

m

|j , m"tj
mj (g). (27)

The states |j , g" are known as the coherent states, and the last expressionin (26) is the
decomposition of the identit y in terms of thesecoherent states.

The decomposition of the ident it y (26) can be further simpliÞed by noticing that the
matrix elements tj

mj (g) and tj
mj (gh) di! er only by a phasefor any group element h from

the U(1) subgroup of SU(2). Therefore, the integral in (26) can be taken over the coset
G/H , G = SU(2), H = U(1). Thus, we have:

1j = dj

"

G/H
dn |j , n"#j , n|. (28)

We will supressthe domain of integration G/H in what follows.
The states |j , n" form (an overcomplete)basis in V j . One of the main motivations for

using these states comesfrom the fact that they have a clear geometrical interpretation: Let
öJ i be the generators of the SU(2) Lie algebra [ öJ i , öJ j ] = i "ij k öJk. We can easily compute the
expectation value of thesegenerators in a given coherent state:

X i
(j ,n)#i ! #j , n| öJ i |j , n"#i = j n#3n" 1 ! j ni #i , (29)

11

where the quantities ! i are the Pauli matrices and we have denoted by the same letter the
SU(2) matrix n that parameterizedthe coherent state and the three-dimensional unit vector
"n that this matrix correspondsto. Thus we seethat |j , n! describes a vector in R3 of length
j and of direction determinedby the action of n on a unit referencevector. It is convenient
to denotethis vector by the same let ter "n. This geometric interpretation will be extremely
useful for us in what follows.

An important remark is as follows. Note that we could in principle deÞne a notion of
ÒcoherentÓ state starting from any state |j , m! instead of the highest weight vector |j , j ! .
Indeed, we would have the samedecomposition of unity as in (26). The geometrical inter-
pretation would be, however, drast ically di! erent. Namely, we could no longer interpret the
states g|j , m! as representing a vector lying on the sphereof radius j . Instead, these states
correspond to a circle on this sphere of radius

!
j 2 " m2. Moreover, we can compute the

dispersion of the quadratic operator öJ 2 with the result being

" J 2 = j + j 2 " m2. (30)

Thus, we seethat only the highest and lowest states m = ± j lead to the coherent states
that minimize the uncertainty relation.

It will be of crucial importance for us that there is not one but two coherent states
g|j , j ! # |j , g! and g|j , " j ! # |j , g! . In order to relate them let us remark that the group
element

##
"

0 1
" 1 0

#
(31)

is such that
g#= #øg, (32)

where øg is the complex conjugate matrix . The matrix element of # in any representation is
given by

tj
nm (#) = (" 1)j ! n$n,! m . (33)

Thus, we have $j , " j |#|j , j ! = (" 1)2j and therefore the lowest weight vector can be obtained
by the action of # on |j , j ! . We have:

|j , " j ! = (" 1)2j #|j , j ! . (34)

More generally we can deÞnethe conjugate states

|j , m! # #|j , m! = (" 1)j + m |j , " m! . (35)

These are called conjugate since their matrix elements are the complex conjugates of the
usual matrix elements

$j , m|g|j , n! = $j , m|#! 1g#|j , n! = tmn (g) = (" 1)m+ nt! m! n (g) (36)

We thus obtain two families of coherent states |j , g! and

|j , g! # g|j , " j ! =
$

m

|j , m! t j
mj (g). (37)

SU(2)highest weight lowest weight
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A. Coheren t stat es

Let us Þrst describe the coherent states for the group SU(2). It will then be trivial to
generalize it to SO(4).

We will start from the following obvious decomposition of the identit y operator in the
representation spaceV j of dimensiondj ! 2j + 1:

1j =
!

m

|j, m"#j, m|, (23)

where |j, m", m $ [%j, j] is the usual orthonormal basis in V j . Let us rewrite the same
operator by inserting in it the Kronecker delta

! mm ! = dj

"

SU(2)
dg tj

mj (g)tj
m! j (g) (24)

written in terms of an integral over the group. Here tj
mj (g) is the matrix element of the

group element g in the representation j computed betweenthe states#j, m| and |j, j", the
latter being the highest weight state. More generally:

tj
mm ! (g) ! #j, m|g|j, m!". (25)

This gives:

1j = dj

!

mm !

|j, m"#j, m!|
"

SU(2)
dg tj

mj (g)tj
m! j (g) = dj

"

SU(2)
dg |j, g"#j, g|, (26)

wherewe have introduceda notation:

|j, g" ! g|j, j" =
!

m

|j, m"tj
mj (g). (27)

The states |j, g" are known as the coherent states, and the last expressionin (26) is the
decomposition of the identit y in terms of thesecoherent states.

The decomposition of the ident it y (26) can be further simpliÞed by noticing that the
matrix elements tj

mj (g) and tj
mj (gh) di! er only by a phasefor any group element h from

the U(1) subgroup of SU(2). Therefore, the integral in (26) can be taken over the coset
G/H, G = SU(2), H = U(1). Thus, we have:

1j = dj

"

G/H
dn |j, n"#j, n|. (28)

We will supressthe domain of integration G/H in what follows.
The states |j, n" form (an overcomplete)basis in V j . One of the main motivations for

using these states comesfrom the fact that they have a clear geometrical interpretation: Let
öJ i be the generators of the SU (2) Lie algebra [ öJ i , öJ j ] = i"ij k öJk . We can easily compute the
expectation value of thesegenerators in a given coherent state:

X i
( j ,n)#i ! #j, n| öJ i |j, n"#i = j n#3n

" 1 ! j ni #i , (29)
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unity decomposition

states of mimimum uncertainty: 
represent a vector in R   of 

quantized length and direction n
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Par tition function
We can now  implement the simplicity constraints 
by replacing the integration over all bivectors to an 

integration only over simple ones
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whereall the integrals are over SU (2) elements.
We therefore seethat imposing the simplicity and cross-simplicity constraints as appro-

priate for the gravitat ional sector meansthat the following intertwinner is inserted into each
ÒstrandÓ(corresponding to a face f ) of each dual edge(corresponding to a tetrahedron t)

Gj ! d2
j

!
dn |j, n" # |j, n"$j, n| # $j, n|. (76)

Using arguments similar to those in the previous sectiononecan show that
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wherethe Clebsch-Gordan coe! cient
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' 2
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(2j)!
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is computed in the appendix and |k, 0" denotes the SU(2) invariant (spherical) state in the
representation Vk .

To prove (77) we consider the tensor product
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wherein the Þrst line wehaveused the decomposition of the identit y in terms of theClebsch-
Gordan coe! cients, and in the second line the fact that the relevant Clebsch-Gordan coe! -
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the Barrett-Crane intertwinner is in a certain sensethe dominant term in the sum (81).
To Þnishwith the presentation of the model we describe it explicitly in terms of the 15j

symbols. Similarly to what we have done in the previous subsection, we integrate over the
SO(4) holonomy group elements. The result is most conveniently presented by intr oducing
the set of coe! cients:
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k=0  is the Barrett-Crane intertwinner
correspond to a geometry where A is not the same across tetrahedra
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Par tition function
We can now  implement the simplicity constraints 
by replacing the integration over all bivectors to an 

integration only over simple ones
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Par tition function
We can now  implement the simplicity constraints 
by replacing the integration over all bivectors to an 

integration only over simple ones
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 is the intertwinner proposed recently by Rovelli, Engle et al.
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dropped and we are left with the following amplitude:
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whereall the integrals are over SU(2) elements.
As in the caseof the Barrett-Crane model it might seem that only two out of three

constraints Ð namely, simplicity and cross-simplicit y, but not the closure were imposed.
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It is clear from the expressionabove that the essential di! erencebetween this model and
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2

! "# $

S =
%

f

Tr(X f Gf ) (7)

X f Gf =
&

e! f

Ge

Ge1 ááá Gen

X i
(j ,n) ! "j , n| öJ i |j , n#= j (n! 3n" 1)i ! j ni , (8)

Jf

Jf = (j +
f , j "

f )

Ge = (g+
e , g"

e )

i e

X f = X I J
f JI J

X I J
f = Vn[I

e nJ ]
e! = "I J

K L AK L
f

= AI J
f

f = (ee#)

V nI
e AI J

f

÷X I J = (1/ 2)"I J K L X K L

#Jf (Ge1e2 áááGen e1 )

#Jf (Gf )
' &

(ee! )! f

dGee! dJf "Jf , Nef |Gee! |Jf , Ne! f #

|Jf , Nef #= |j +
f , n+

ef #$ |j "
f , n"

ef #

|Jf , Nef #"Jf , Nef |

(X (j + ,n+ ) , X (j " ,n " ) )

÷X I J
f X f I J = 0

÷X I J
f X f ! I J = 0

%

f $ e

X I J
f = 0

÷X I J
f neI = 0

X I J
f neI = 0

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

X f =
#
(1 + ! )X f , (1 # ! )ueX f u! 1

e

$

X f =
#
(1 + ! )X f , # (! # 1)ueX f u! 1

e

$

A f = ! (X f , ueX f u! 1
e )

BCj =
%

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j + n+ , # X j ! ,n ! )

A ( !
&

j +
1
2

'

"

! < 1

|Jf , N ef %= |j + , n+
ef %& |j ! , n!

ef %

j +

j !
=

1 + !
1 # !rational

3

X = (X + , X ! )

÷X = (X + , ! X ! )

X f = (X f , ! ueX f u! 1
e )

X f = (X f , ueX f u! 1
e )

ue " SU(2) # S3

j + = j !

n!
ef = uen+

ef

1j + $ 1j !

ggab = tr( E aE b) (9)

{ E a
i (x), Aj

b(y)} = ! G"a
b" j

i " (x, y) (10)

! (11)

! = 0 (12)

! = % (13)

! = 1, i (14)

! (A) (15)

S(e,A) = SP (e,A) +
1

2! #

!
eI & eJ & RI J (A) (16)

# = 8$G (17)

! (A) = ! (A") (18)

h! (A) = Pexp
!

!
A (19)

E S,f =
!

S
E af a (20)

We can now trivially insert the Immirzi dependence

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

X f =
#
(1 + ! )X f , (1 # ! )ueX f u! 1

e

$

X f =
#
(1 + ! )X f , # (! # 1)ueX f u! 1

e

$

A f = ! (X f , ueX f u! 1
e )

BCj =
%

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j + n+ , # X j ! ,n ! )

A ( !
&

j +
1
2

'

"

! < 1

|Jf , N ef %= |j + , n+
ef %& |j ! , n!

ef %

j +

j !
=

1 + !
1 # !

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

X f =
#
(1 + ! )X f , (1 # ! )ueX f u! 1

e

$

X f =
#
(1 + ! )X f , # (! # 1)ueX f u! 1

e

$

A f = ! (X f , ueX f u! 1
e )

BCj =
%

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j + n+ , # X j ! ,n ! )

A ( !
&

j +
1
2

'

"

! < 1

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

X f =
#
(1 + ! )X f , (1 # ! )ueX f u−1

e

$

X f =
#
(1 + ! )X f , # (! # 1)ueX f u−1

e

$

A f = ! (X f , ueX f u−1
e )

BCj =
%

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j + n+ , # X j ! ,n ! )

A ( !
&

j +
1
2

'

!

! < 1

|Jf , N ef %= |j + , n+
ef %& |j −, n−ef %

j +

j −
=

1 + !
1 # !

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

X f =
#
(1 + ! )X f , (1 # ! )ueX f u! 1

e

$

X f =
#
(1 + ! )X f , # (! # 1)ueX f u! 1

e

$

A f = ! (X f , ueX f u! 1
e )

BCj =
%

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j + n+ , # X j ! ,n ! )

A ( !
&

j +
1
2

'

!

! < 1

|Jf , N ef %= |j + , n+
ef %& |j ! , n!

ef %

j +

j !
=

1 + !
1 # !

and insert along each edge the   -simple intertwinner 

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

(
X I J # ! ÷X I J

)

X f =
(
(1 + ! )X f , (1 # ! )ueX f u! 1

e

)

X f =
(
(1 + ! )X f , # (! # 1)ueX f u! 1

e

)

A f = ! (X f , ueX f u! 1
e )

BCj =
∫

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j + n+ , # X j ! ,n ! )

A ( !
(

j +
1
2

)

!

! < 1

|Jf , N ef %= |j + , n+
ef %& |j ! , n!

ef %

j +

j !
=

1 + !
1 # !

G!
j =

∫
dn|j + , n%& |j ! , n%'j + , n| & ' j ! , n|

G!
j =

∫
dn|j + , n%& |j ! , n%'j , n| & ' j , n|

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1)

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

X f =
#
(1 + ! )X f , (1 # ! )ueX f u! 1

e

$

X f =
#
(1 + ! )X f , # (! # 1)ueX f u! 1

e

$

A f = ! (X f , ueX f u! 1
e )

BCj =
%

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j +n+ , # X j ! ,n ! )

A ( !
&

j +
1
2

'

!

! < 1

|Jf , N ef %= |j + , n+
ef %& |j ! , n!

ef %

j +

j !
=

1 + !
1 # !

G!
j =

%
dn|j + , n%& |j ! , n%'j + , n| & ' j ! , n|

G!
j =

%
dn|j + , n%& |j ! , n%'j , n| & ' j , n|

j + + j !

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

X f =
#
(1 + ! )X f , (1 # ! )ueX f u! 1

e

$

X f =
#
(1 + ! )X f , # (! # 1)ueX f u! 1

e

$

A f = ! (X f , ueX f u! 1
e )

BCj =
%

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j + n+ , # X j ! ,n ! )

A ( !
&

j +
1
2

'

!

! < 1

|Jf , N ef %= |j + , n+
ef %& |j ! , n!

ef %

j +

j !
=

1 + !
1 # !

G!
j =

%
dn|j + , n%& |j ! , n%'j + , n| & ' j ! , n|

G!
j =

%
dn|j + , n%& |j ! , n%'j , n| & ' j , n|

j + + j !

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

Xf =
#
(1 + ! )X f , (1 # ! )ueX f u! 1

e

$

Xf =
#
(1 + ! )X f , # (! # 1)ueX f u! 1

e

$

Af = ! (X f , ueX f u! 1
e )

BCj =
%

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j + n+ , # X j ! ,n ! )

A ( !
&

j +
1
2

'

!

! < 1

|Jf ,Nef %= |j + , n+
ef %& |j ! , n!

ef %

j +

j !
=

1 + !
1 # !

G!
j =

%
dn|j + , n%& |j ! , n%'j + , n| & ' j ! , n|

G!
j =

%
dn|j + , n%& |j ! , n%'j , n| & ' j , n|

j + + j !

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

Xf =
#
(1 + ! )X f , (1 # ! )ueX f u! 1

e

$

Xf =
#
(1 + ! )X f , # (! # 1)ueX f u! 1

e

$

Af = ! (X f , ueX f u! 1
e )

BCj =
%

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j + n+ , # X j ! ,n ! )

A ( !
&

j +
1
2

'

!

! < 1

|Jf ,Nef %= |j + , n+
ef %& |j ! , n!

ef %

j +

j !
=

1 + !
1 # !

G!
j =

%
dn|j + , n%& |j ! , n%'j + , n| & ' j ! , n|

G!
j =

%
dn|j + , n%& |j ! , n%'j , n| & ' j , n|

j + + j !

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

X f =
#
(1 + ! )X f , (1 # ! )ueX f u! 1

e

$

X f =
#
(1 + ! )X f , # (! # 1)ueX f u! 1

e

$

A f = ! (X f , ueX f u! 1
e )

BCj =
%

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j + n+ , # X j ! ,n ! )

A ( !
&

j +
1
2

'

!

! < 1

|Jf , N ef %= |j + , n+
ef %& |j ! , n!

ef %

j +

j !
=

1 + !
1 # !

G!
j =

%
dn|j + , n%& |j ! , n%'j + , n| & ' j ! , n|

G!
j =

%
dn|j + , n%& |j ! , n%'j , n| & ' j , n|

j + + j !

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

X f =
#
(1 + ! )X f , (1 # ! )ueX f u! 1

e

$

X f =
#
(1 + ! )X f , # (! # 1)ueX f u! 1

e

$

A f = ! (X f , ueX f u! 1
e )

BCj =
%

dnd÷n|j , n%& |j , ÷n%'j , n| & ' j , ÷n|

(X j + n+ , # X j ! ,n ! )

A ( !
&

j +
1
2

'

!

! < 1

|Jf , N ef %= |j + , n+
ef %& |j ! , n!

ef %

j +

j !
=

1 + !
1 # !

G!
j =

%
dn|j + , n%& |j ! , n%'j + , n| & ' j ! , n|

G!
j =

%
dn|j + , n%& |j ! , n%'j , n| & ' j , n|

j + + j !

1

0 < ! < 1

1 < ! < !

! = 1

e" e =
!

1 # ! 2
(B! # ! $ B! ) =

1
1 # ! 2

($B! ! 1 # ! B! ! 1 )

X = $(e" e)

X = (e" e)

X I J nJ = 0

! = 0

! = !

B = e" e

B = $(e" e)

AI J =
!

1 # ! 2

!
X I J # ! ÷X I J

"

X f =
#
(1 + ! )X f , (1 # ! )ueX f u! 1

e

$

X f =
#
(1 + ! )X f , # (! # 1)ueX f u! 1

e

$

A f = ! (X f , ueX f u! 1
e )

2

G!
j =

!
dn|j + , n! " |j ! , n!#j , n| " #j , n|

j + + j !

A = ! (j + + j ! ) = j + $ j !

2

G!
j =

!
dn|j + , n! " |j ! , n!#j + , n| " #j ! , n|

G!
j =

!
dn|j + , n! " |j ! , n!#j , n| " #j , n|

j + + j !

A =
!
2

(j + + j ! ) =
1
2

(j + $ j ! )

j +
f 1

j +
f 4

j !
f 1

j !
f 4

j +
f 1

+ j !
f 1

k(j + , j !

+ $

j +

j !
=

! + 1
! $ 1

2j !"

m=0

Cm
j + ,j !

j + $ j ! + m

Cm
j + ,j ! =

(2j + )!(2j ! )!
(2j + + m)!(2j ! + 1 $ m)!

dj + dj ! G!
j =

!
dn|j + , n! " |j ! , n!#j + , n| " #j ! , n|

2

! > 1

|Jf , N ef ! = |j + , n+
ef ! " |j ! , n!

ef !

j +

j !
=

1 + !
1 # !

G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

G!
j =

!
dn|j + , n! " |j ! , n!$j , n| " $j , n|

j + + j !

A =
!
2

(j + + j ! ) =
1
2

(j + # j ! )

j +
f 1

j +
f 4

j !
f 1

j !
f 4

j +
f 1

+ j !
f 1

k (1 + ! )k (1 # ! )k

k(j + , j !

+ #

j +

j !
=

! + 1
! # 1

±
2j !"

m=0

Cm
j + ,j !

j + # j ! + m

Cm
j + ,j ! =

(2j + )!(2j ! )!
(2j + + m)!(2j ! + 1 # m)!

dj + dj ! G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

! % &

!

Cm
j + ,j ! ' e! " m

" = ln
#

! + 1
! # 1

$

2

! > 1

|Jf , N ef ! = |j + , n+
ef ! " |j ! , n!

ef !

j +

j !
=

1 + !
1 # !

G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

G!
j =

!
dn|j + , n! " |j ! , n!$j , n| " $j , n|

j + + j !

A =
!
2

(j + + j ! ) =
1
2

(j + # j ! )

j +
f 1

j +
f 4

j !
f 1

j !
f 4

j +
f 1

+ j !
f 1

k (1 + ! )k (1 # ! )k

k(j + , j !

+ #

j +

j !
=

! + 1
! # 1

±
2j !"

m=0

Cm
j + ,j !

j + # j ! + m

Cm
j + ,j ! =

(2j + )!(2j ! )!
(2j + + m)!(2j ! + 1 # m)!

dj + dj ! G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

! % &

!

Cm
j + ,j ! ' e! " m

" = ln
#

! + 1
! # 1

$

2

! > 1

|Jf , N ef ! = |j + , n+
ef ! " |j ! , n!

ef !

j +

j !
=

1 + !
1 # !

G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

G!
j =

!
dn|j + , n! " |j ! , n!$j , n| " $j , n|

j + + j !

A =
!
2

(j + + j ! ) =
1
2

(j + # j ! )

j +
f 1

j +
f 4

j !
f 1

j !
f 4

j +
f 1

+ j !
f 1

k (1 + ! )k (1 # ! )k

k(j + , j !

+ #

j +

j !
=

! + 1
! # 1

±
2j !"

m=0

Cm
j + ,j !

j + # j ! + m

Cm
j + ,j ! =

(2j + )!(2j ! )!
(2j + + m)!(2j ! + 1 # m)!

dj + dj ! G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

! % &

!

Cm
j + ,j ! ' e! " m

" = ln
#

! + 1
! # 1

$

2

! > 1

|Jf , N ef ! = |j + , n+
ef ! " |j ! , n!

ef !

j +

j !
=

1 + !
1 # !

G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

G!
j =

!
dn|j + , n! " |j ! , n!$j , n| " $j , n|

j + + j !

A =
!
2

(j + + j ! ) =
1
2

(j + # j ! )

j +
f 1

j +
f 4

j !
f 1

j !
f 4

j +
f 1

+ j !
f 1

k (1 + ! )k (1 # ! )k

k(j + , j !

+ #

j +

j !
=

! + 1
! # 1

±
2j !"

m=0

Cm
j + ,j !

j + # j ! + m

Cm
j + ,j ! =

(2j + )!(2j ! )!
(2j + + m)!(2j ! + 1 # m)!

dj + dj ! G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

! % &

!

Cm
j + ,j ! ' e! " m

" = ln
#

! + 1
! # 1

$

2

! > 1

|Jf , N ef ! = |j + , n+
ef ! " |j ! , n!

ef !

j +

j !
=

1 + !
1 # !

G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

G!
j =

!
dn|j + , n! " |j ! , n!$j , n| " $j , n|

j + + j !

A =
!
2

(j + + j ! ) =
1
2

(j + # j ! )

j +
f 1

j +
f 4

j !
f 1

j !
f 4

j +
f 1

+ j !
f 1

k (1 + ! )k (1 # ! )k

k(j + , j !

+ #

j +

j !
=

! + 1
! # 1

±
2j !"

m=0

Cm
j + ,j !

j + # j ! + m

Cm
j + ,j ! =

(2j + )!(2j ! )!
(2j + + m)!(2j ! + 1 # m)!

dj + dj ! G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

! % &

!

Cm
j + ,j ! ' e! " m

" = ln
#

! + 1
! # 1

$

2

! > 1

|Jf , N ef ! = |j + , n+
ef ! " |j ! , n!

ef !

j +

j !
=

1 + !
1 # !

G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

G!
j =

!
dn|j + , n! " |j ! , n!$j , n| " $j , n|

j + + j !

A =
!
2

(j + + j ! ) =
1
2

(j + # j ! )

j +
f 1

j +
f 4

j !
f 1

j !
f 4

j +
f 1

+ j !
f 1

k (1 + ! )k (1 # ! )k

k(j + , j !

+ #

j +

j !
=

! + 1
! # 1

±
2j !"

m=0

Cm
j + ,j !

j + # j ! + m

Cm
j + ,j ! =

(2j + )!(2j ! )!
(2j + + m)!(2j ! + 1 # m)!

dj + dj ! G!
j =

!
dn|j + , n! " |j ! , n!$j + , n| " $j ! , n|

! % &

!

Cm
j + ,j ! ' e! " m

" = ln
#

! + 1
! # 1

$



Par tition function
We can now  implement the simplicity constraints 
by replacing the integration over all bivectors to an 

integration only over simple one
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Par tition function
We can then perform the integration over the group 

elements and obtain a spin foam model which involves 
simple representation of SO(4) and simple intertwinner

The boundary states of this spin foam model 
are SU(2) spin network as in LQG
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The presence of the Immirzi parameter allow to finally make 
the link with LQG...
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Given the spin foam model  S  we can  slice it and obtain boundary 
state amplitudes                   for spin foam with boundaries. 
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The boundary states arising in the model are 4 valent SU(2) spin networks

Moreover these states for a complete set for the spin foam 
amplitudes 

The sum being over all SU(2) coloring of the graph   
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also true for EPR     >1 
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Given the spin foam model  S  we can  slice it and obtain boundary 
state amplitudes                     for spin foam with boundaries. 

Canonical Str uctur e

The boundary states arising in the model are 4 valent 
          Projected SU(2) spin networks

Moreover these states for a complete set for the spin foam 
amplitudes 

The sum being over all projected SU(2) coloring of the graph   
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Graph with edges labelled by a pair (k,j) where k is a SU(2) 
representations  and j a simple SO(4) representation j<k
           with vertices  labelled by SU(2) representations  
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Essentially they are SU(2) spin network at the kinematical level carrying an extra 
edge label allowing the definition of Z
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Semi-Classical Limit
A simple but key observation is that for the class of models obtained via 
coherent states one can reformulate the spin foam models in term of 
an action local on the wedges.
This follows non trivially from the coherent state representation.
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Semi-Classical Limit
On the other hand we can write the model in terms of a 
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Semi-Classical Limit
The idea is now ver simple one needs to integrate out 
all variables except j  u
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Conc lusion 
Shown how to construct a spin foam model which implement the simplicity 

constraints of gravity in the path integral  

Much more to do: Reinforce the link between spin foam and LQG
     Numerical studies

                  Path integral rep of the Lorentzian case 
                    Detail study of the Path integral measure

                     Understanding the self dual limit,          ....

The structure is surprisingy simple and non ambiguous : contained 
in the edge intertwinner, can  acommodate the Immirzi parameter

The coherent states models have the right semi-classical limit 

In the case           our spin foam derivation agrees with EPR canonical 
derivation and boundary states are SU(2) spin network  
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In the case           our spin foam derivation disagrees with EPR canonical 
derivation and boundary states are Projected SU(2) spin network  
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These models have a very natural Group field theory representation 
Oriti,Krasnov L.F
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Lorentzian case can be implemented

It is a very exciting time with new possibilities and convergence emerge. 



Immirzi P arameter
We can then perform the integration over the group 

elements and obtain a spin foam model which involve 
simple representation of SO(4) and simple intertwinner

The boundary states of this spin foam model 
are SU(2) spin network as in LQG
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The link with LQG is not yet establish since it require the 
Immirzi parameter

Very good news but


