On the Configuration Spaces of
Homogeneous Loop Quantum Cosmology
and Loop Quantum Gravity

Christian Fleischhack

Department Mathematik
Universitat Hamburg

Zakopane, March 2008



1 Motivation

Gravity

Cosmology

Quantum
Gravity

|

Quantum
Cosmology



1 Motivation

Gravity

Cosmology

Quantum
Gravity

|

Quantum
Cosmology

C

cA,




1 Motivation

: antum L —
Gravity © QGurar:/i:y A —= A
R RJ L
Q Quantum N _
C 5
Cosmology Cosmology R RBohr




1 Motivation

: ant L —
Gravity © QGurar:/i:;n A —= A
[
R Rl L Z
Q N :
Q uantum i =
Cosmology Cosmology R > RBohr

L—7
A
cA, | » CA,




1 Motivation

X A A Y
! T
T L
: ] 3
R < EBohr R < ? RBohr
Theorem: o

A
f continuous w.r.t. Bohr topology Ay | > CA,
<= f almost periodic 1

)
)



1 Motivation

X A C YA Y

! I

T :

5 ] ]

R < EBohr R c - RBohr
Theorem: -

f continuous w.r.t. Bohr topology CAx | > cA,
<= f almost periodic 1

L .

Corollary: §
L exists . I .

< 1z ©L continuous



1 Motivation

X At G
! !
VO L ;
: ] ]
R < KBohr R < > RBohr
Theorem: . _
f continuous w.r.t. Bohr topology A, " cA, — hea, (V)

[} . AN L _C A* f')/

<= [ almost periodic 1 — Pe ¢ Jy A (D)
L Z:
Corollary: 5
L exists p I .

< 1z © L continuous
<= T, 0tz o continuous for all v



1 Motivation

X A C A A Ty Q
! 1
T :
: ] ]
R < EBohr R < ? RBohr
Theorem: _ )
i A, —2— cA " hea ()
f continuous w.r.t. Bohr topology CAx % cA y_cf )
<= f almost periodic I _ Py A
L T
Corollary: §
L exists . \E

< 1z ©L continuous
<= T, 0tz o continuous for all v
<= 7,0tz o almost periodic for all



1 Motivation

X A C A A Ty Q
! !
VO L ;
: ] 3
R < EBohr R < > RBohr
Theorem: . _
f continuous w.r.t. Bohr topology A, " cA, — hea, (V)

<= f almost periodic 1 1

L Z:

Corollary: :
L exists col -

< 1z ©L continuous
<= T, 0tz o continuous for all v
<= 7,0tz o almost periodic for all

Question:  For which vis ¢+ h.a,(y) almost periodic?

— Pe ¢ I Ax ()



2 Differential Equation

Question:  For which vis ¢+ h.a,(y) almost periodic?



2 Differential Equation

Question:  For which vis ¢+ h.a,(y) almost periodic?
e Parallel Transport /\’ij
g(t) = hea. (Vo) g

e Parallel Transport Equation

(1)
9(0)

- A (7)) 9(t)



2 Differential Equation

Question:  For which vis ¢+ h.a,(y) almost periodic?

e Parallel Transport /\vjy
g(t) =

- hcA* (7‘[0,75]) X

e Parallel Transport Equation

g(t) = —cA(¥(t)) g9(t)
9(0) = 1
e Homogeneous Isotropic Connection (M =R? G = SU(2))

A* = TleC—I—TQdy—I—ngZ



2 Differential Equation

Question:  For which vis ¢+ h.a,(y) almost periodic?

e Parallel Transport /\vjy
g(t) =

- hcA* (7‘[0,75]) X

e Parallel Transport Equation

g(t) = —cA(¥(t)) g9(t)
9(0) = 1

e Homogeneous Isotropic Connection (M =R? G = SU(2))
A* = TleC -+ ngy + ’7'3dZ

A(Y(t)) = a1 +yre+ 213



2 Differential Equation

Question:  For which vis ¢+ h.a,(y) almost periodic?

e Parallel Transport /\vjy
g(t) =

- hcA* (7‘[0,75]) X

e Parallel Transport Equation

g(t) = —cA(¥(t)) g9(t)
9(0) = 1

e Homogeneous Isotropic Connection (M =R? G = SU(2))
A* = TleC -+ ngy + ’7'3dZ

o) = (L, ")

—iz + v 1z



2 Differential Equation

Question:  For which vis ¢+ h.a,(y) almost periodic?

e Parallel Transport /\vjy
g(t) =

- hcA* (7‘[0,75]) X

e Parallel Transport Equation

g(t) = —cA(3(@)) g(t)
9(0) = 1

e Homogeneous Isotropic Connection (M =R? G = SU(2))
A* = TleC -+ ngy + ’7'3dZ

m —n

S
|
N

atio) = -i(n ) with ™= P



2 Differential Equation

Question:  For which vis ¢+ h.a,(y) almost periodic?

e Parallel Transport /\wjy
gt) =

- hcA* (7‘[0,75]) X

e Parallel Transport Equation

g(t) = —cA(¥(t)) g9(t)
9(0) = 1
e Homogeneous Isotropic Connection (M =R? G = SU(2))
A* = TleC—I—TQdy—I—ngZ
: . fn m . m = T —1y
A (y(t) = 1<m —n) with oo 2

e Differential Equation

(5 2) = GG )



2 Differential Equation
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e Parallel Transport /\wjy
gt) =
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g(t) = —cA(¥(t)) g9(t)
9(0) = 1
e Homogeneous Isotropic Connection (M =R? G = SU(2))
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Question:  For which vis ¢+ h.a,(y) almost periodic?

a = ic(na— mb)
Lemma: We have lim. o (ma® + 2nab — mE2) ‘é = 0. b = ic(nb+ ma)
Definition: ¢ almost periodic <= a(t) and b(t) almost periodic.
Corollary: t almost periodic = F(t) := (ma2+2na5—m52)‘8 = 0

Proposition: Let there exist an accumulation point of almost periodic .
Then « is a straight line.

Proof: Assume t almost periodic with 712(t) # 0. Then i # 0 on some open U 3 t.

Assumption —> F =0 — ma®+ 2nab— mEQ = F = 0
ma® + 2nab — mb = m(0)
— a and b independent of ¢ on U; as well as a and b
— na—mb = 0 = nb+ma
— a = (n°+mm)a = nmb+mma = 0 }

Thus m(t) = O for all almost periodict — m =0 — n = 0. qed
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i __ T T2\ |t N
Lemma: We have lim. o (ma® + 2nab — mb )‘0 = 0. b =
Proof: Recall d =ic(n — Mn)a — c®a + Ma, and observe, with mvm + n” = 1,
— - 1 _ 1 -2
ma’ + 2nab — mb = —(—(na — mb)® + a2> = _(a_ + a2>.
m m \ c2
Use
a=:vVma =— a4ca = (%M2—%M—|—ic(h—]\/[n))oz:: pQ
d s&” 2 2 . 2 . p d o
= Glate) = Glatdaa = 53
Now,
2 t t b t
(a—+a2> = — L 2d7‘—|—£oz2 =0
c2 0 0 C2 c2 0
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1 ,a° 2\ |1 &’ NIt Ma 1 t o
LE ) = G s e o) = o
m \ c? 0 c2 0 mc? 0
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e Theorem: Let v be an analytic curve that is not part of a straight line.

Then there is some T' > 0, such that the parallel transport
along 7|0+ is not almost periodic w.r.t. ¢ forany 0 <t <T.

e Corollary: The configuration space of (homogeneous, isotropic) LQC
cannot be continuously embedded into that of LQG by
extension of the classical embedding:

. : R — A cannot be continuously extended to 7 : Rgop, — A.
e Corollary: This remains valid in the anisotropic case.

e Open Questions: — almost periodicity “by chance”?
— asymptotic almost periodicity
- k==+1
— general Lie groups



