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Common Stru
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es with varying prefa
tors. Whatdoes that imply for the spe
tral properties?? What sign 
on�gurations 
an be realized at all?? What 
onsequen
es does gauge invarian
e have?
 Conta
t: re
oupling of spins ↔ graph embeddingJ. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 17 / 49
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Computation of Sign Fa
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Computation of Sign Fa
torsSign fa
tor 
ombinatori
s for 4�7-valent non-
oplanar verti
es
N # triples:

`

N

3

´

theoreti
allypossible
~ǫ-sign
on�gs
Tmax = 2(

N

3 )

number of real-ized ~ǫ-sign 
on-�gs
TR

fra
tion
TR

Tmax

# realized
~σ-
on�gs multipl.

χ~σ=~0 of
~σ = ~0-
on�g4 4 16 16 1 5 65 10 1024 384 0.375 171 246 20 220 23,808 0.023 16,413 1207 35 235 3,486,720 1.015 · 10−5 3,079,875 720In prin
iple also possible to derive the number ofsign-
on�gs by dire
t analyti
al 
omputation.J. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 21 / 49
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4-VertexAnalyti
al InsightsSpe
ial Form: only 1 antisymmetri
, D-dim tridiagonal matrix, signfa
tor σ(123) only gives overall s
aling of the spe
trum.
q̂123 =





0 −q1 0 · · · 0 0 0
q1 0 −q2 · · · 0 0 0
0 q2 0 · · · 0 0 0... ... ... . . . ... ... ...
0 0 0 · · · 0 −qD−2 0
0 0 0 · · · qD−2 0 −qD−1

0 0 0 · · · 0 qD−1 0



where qk = qk(j1, j2, j3, j4)

J. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 24 / 49
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4-VertexOverall histogram up to jmax = 126
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More Di�
ult: Higher Valen
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tor 
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s for 4�7-valent non-
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5-VertexHistogram for ea
h of the 85 ~σ-
on�gurations
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5-VertexSmallest non-zero eigenvalue λ
(min)

V̂
for ea
h of the 85 σ-
on�gurations
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5-VertexLargest eigenvalues vs. jmax for ea
h of the 85 ~σ-
on�gurations
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5-VertexOverall histogram up to jmax = 44
2

 0

 1e+09

 2e+09

 3e+09

 4e+09

 5e+09

 6e+09

 7e+09

 8e+09

 9e+09

 0  50  100  150  200  250  300  350  400  450  500

PSfrag repla
ements N
ev

a
ls

λV̂There are 7,349,844,794,112 eigenvalues in all, of whi
h 212,946,944,688 are zero.J. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 31 / 49



5-VertexZoom of eigenvalues 
lose to 0 up to jmax = 44
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6-VertexSmallest non-zero eigenvalue λ
(min)

V̂
vs. jmax for an arbitrary sampling of 21

~σ-
on�gurationsup to jmax = 13
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6-VertexMaximum eigenvalue vs. jmax for the 30 ~σ-
on�guration equivalen
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6-VertexOverall histogram up to jmax = 13
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6-VertexZoom of eigenvalues 
lose to 0 up to jmax = 13
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Cubi
 6-VertexOverall histogram up to jmax = 20
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Cubi
 6-VertexSmallest eigenvalues up to jmax = 20
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Cubi
 6-VertexLargest eigenvalues at the gauge invariant 
ubi
 6-vertex up to jmax = 20
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We have seen that...Can analyze the properties of the volume!- analyti
al treatment possible for gauge inv. 4-vertex- for valen
e 5 and above the volume operator in LQG 
an well behandled numeri
ally. Re
oupling theory.- Signature fa
tors implemented and analyti
ally 
omputed for5,6-vertex.AL-version of the volume operator sensitive to di�erential stru
ture ofthe underlying manifold through signature fa
tors. This fa
tor drives- presen
e of smallest non zero eigenvalue- shape of the eigenvalue distributionThis makes it di�
ult, to obtain a semi
lassi
al limit of this operatorusing 
omplexi�er 
oherent states!The presen
e of spe
tral equivalen
e between di�erent signature fa
tor
ombinations related to an internal symmetry of the volume operatorwith respe
t to permutation of the edge labels.- �rst steps made in order to understand this symmetry,J. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 43 / 49
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What's next?Next work:- understand the signature fa
tors of the AL-volume quantization.- how to geometri
ally interprete the interplay between re
oupling theoryand signature fa
tors?- how is the RS-volume quantization related to the one of AL?General issue:- Is the signature 
ru
ial? Do we want the di�erential stru
ture of thefoliation hypersurfa
e to enter the quantum theory of gravity? The spinnetwork fun
tions do not 
ontain information about this.- What is the 
ounterpart of the 
lassi
al spatial di�eomorphisms in thequantum theory? (Semi-)analyti
 di�eomorphisms, homeomorphisms,automorphisms of graphs? If we extend beyond di�eomorphisms- whatabout the hypersurfa
e deformation di�eomorphisms?Future appli
ations:- 
ompute the Hamilton/Master
onstraint a
tion on spin networkfun
tions.- taking the signature fa
tors serious: 
an we use them to labeldi�eomorphism invariant states??J. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 45 / 49
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Alternative De�nitionRegularization by Koslowski (2007)
PSfrag repla
ements

~a

~b

~c

Consider the 6 indep quantities:
|~b × ~c|2 =: Aa |(~b + ~c) × ~a|2 =: Ba

|~a × ~c|2 =: Ab |(~a + ~c) ×~b|2 =: Bb

|~a ×~b|2 =: Ac |(~a +~b) × ~c|2 =: BcIdea: 
an (
lassi
ally)re
onstru
t the volume of the 
ube from the 6areas.J. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 49 / 49


	Motivation
	Different Constructions
	Exterior Regularization
	Interior Regularization
	Comparison

	Spectral Analysis of the AL Volume operator (with D. Rideout)
	General Setup
	Computational Aspects
	Different Vertex Structures

	Conclusions
	To Do
	Alternative Definition

