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Motivation
LQG

m Canonical Quantization of classical differential geometric objects

m Tempting: the classical interpretation of these objects can be
transferred to their quantum theoretic counterparts

m Crucial points (see Thiemann's talk):
- quantization of classical volume expression enters the construction of
the constraint operators
- graph dependence of semicalssical limit
- physical volume?
- additionally: matter coupling heavily uses the volume operator

What do we know about this object? |

= Look at different quantization prescriptions!

J. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 4 /49



Plan

Different Constructions

=] = = = El= Dad
J. Brunnemann (U Hamburg) Volume Quantization



Preliminary
Recall basic definitions...

J. Brunnemann (U Hamburg)

Volume Quantization

Loops & Foams 2008

6/ 49



Preliminary

Recall basic definitions...

.
o

J. Brunnemann (U Hamburg)

Volume Quantization

holonomy h, := Pexp[/A]

Loops & Foams 2008

6/ 49



Preliminary
Recall basic definitions...

holonomy  h, := Pexp[/A]

flux Efq = />1<EZ
S

J. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 6 / 49



Preliminary

Recall basic definitions...

holonomy  h, := Pexp[/A]

flux Efq = />1<EZ
S

Action of EY on SU(2) irred. rep. matrix element [r;(he)]mn
Efg [wj(he)]mn =€(S,e) Jf; < he | jm; n >

...ordinary angular momentum operator J! acting on spin system
‘ im;n >
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Basic Strategy

m Want: Regularization for V(R)

e

V(R) = /d3:c\/det q(z) = /d%’\/%|5abcsijkEg(a;)E§?(x)Eg(a;)‘
R R
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Basic Strategy

m Regularization for V(R)= /d%’\/%|€abcsijkEf(x)E;?(x)E,‘é(m)|
R
m Strategy
- introduce background ¢° and coordinates.
- introduce cubic cell decomposition of ¥ into boxes R¥ with edge
length L.
- inside each cube at most one vertex of the underlying graph
(=adaption of the cell decomposition to 7).
- approximation of the integral over spatial region R by a Riemann sum
over boxes:

dx\/det g(z) ~ Z /d3x Vdetq(z)

L
Ry CRR%
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Exterior Regularization
Regularization by Rovelli (2003) Rovelli/Smolin (1994)

cube RE, vertex v, edges e, ey, ex intersecting OR% in points
21,25 2K

T“bc(v,ej,ej,eK) =
= Jein [mlbpen)] " Ef (1)
[T1(Pp, )" B (2)
[71(hpo )] " ES (2)

L

J. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 9/ 49



Exterior Regularization
Regularization by Rovelli (2003) Rovelli/Smolin (1994)

cube RE, vertex v, edges e, ey, ex intersecting OR% in points
21,25 2K

T (0, e, e, ex) =
— —tr[ E{(zr)7i [m1(hrg)]
B (z5)7j [m1(haK)]
B (zi)mh [Wl(hKI)H

L

J. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 9/ 49



Exterior Regularization
Regularization by Rovelli (2003) Rovelli/Smolin (1994)

cube RE, vertex v, edges e, ey, ex intersecting OR% in points
21,25 2K

T (0, e, e, ex) =
— —tr[ E{(zr)7i [m1(hrg)]
B (z5)7j [m1(haK)]
B (zi)mh [Wl(hKI)H

L

v

Consider for each triple of edges intersecting 8RIL

E3(ORE) = / d?z / d?2 / dzz"‘na(z)nb(z/)nc(z”)Tabc(',z,z/,z”)|

ORL  ORL  ORL
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Exterior Regularization
Regularization by Rovelli (2003) Rovelli/Smolin (1994)

Consider for each triple of edges intersecting 8RIL

E3(ORF) = / d?z / a2 / dzz"‘na(z)nb(z')nc(z")Tabc(~,z,z', 2|
ORY ORY ORE
- The E's are smared over a surface
- all edges oriented to be outgoing
- L — 0 limit must be carefully chosen

- result is operator insensitive to the relative orientation of the edges

erNejNe=v VER

Qv X Z ‘&'jkjf;,l Ji,J Jz]f,K‘ V= Z \/ZZT” J
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Interior Regularization
Regularization by Ashtekar/Lewandowski (1997), Thiemann (1998)

cube RE, vertex v in the center of the cube, edges er, ey, ex
with relative orientations to the interior surfaces S, Sy, S..

: Sa
i i 2 a i
Sy | Ey = / d°z ng E(2)
| fis, | |7 o
. i ey —»
ns, |
/ |
B /’/Sc Uy eK
€J
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Interior Regularization
Regularization by Ashtekar/Lewandowski (1997), Thiemann (1998)

cube RE, vertex v in the center of the cube, edges er, ey, ex
with relative orientations to the interior surfaces S, Sy, S..

Consider

qpe (v) ‘sabceijkEgaEfnggc

Sa
- L
Nsq | |2
ey —»
€K
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Interior Regularization
Regularization by Ashtekar/Lewandowski (1997), Thiemann (1998)

Consider

qRr (v) ‘sabceijkEgaEnggc

- The E’s are smared over a surface
- L — 0 limit must be carefully chosen

- result is operator sensitive to the relative orientation of the edges

é\voc| Z E€ijk E(IJK) J:;,I JiJ Jllf’K ‘7: Z ’/ZI\U

erNejNex=v veER

where  €(IJK) := e%¢¢(S,, er)e(Sy, e1)e(Se, exc) encode the rela-
tive orientation of the edges.
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Common Structures

m (almost) unambigous removal of the regulator L

m can restrict to sigle vertex as V = > \/qy
vER

m have to handle antisymmetric matrices ¢y of the form
~ j i gk
Qrix = cijk Jo1 I} 5 Tok

m sign factors ¢(IJK) only in AL-version

- AL-version is diff-invariant
- RS-version is hom-invariant

~ This seems to be crucial in the reconstruction of the usual flux operator
from the volume operator, that contains a relative orientation of edge
ans smearing surface, which appears to work consistently only with
AlL-version (Giesel, Thiemann (2005)).
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Mathematical Preliminaries: Spin Networks

e Tensor Basis
J1
J2
J3

=

L
St

[
K=

v | Jk Mk ng >

=
Il
Jan

o = = =, E[= 9Dac
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Mathematical Preliminaries: Spin Networks

e Tensor Basis
J1
J2
J3

® Decomposition

J1+72
Tj & Tj, = @ '7rj12
J12=|j1—72|
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Mathematical Preliminaries: Spin Networks

e Tensor Basis
J1
J2
J3
Ja

' IN

N
ij‘mﬁ = I§1| Je Mg Ny >

® Decomposition e Recoupling Basis
Jiti2 P
. A . - a
7TJ1 ® 7T]2 _' @ '7TJ12 J2 2 a3
J12=|j1—72| 3
b .......
_E H o J
IN S
TUfJM;ﬁ:|aJM;jn >
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Mathematical Preliminaries: Sign Factors

N-1
. |
Gauge Invariance: Jy =— > Jp
L=1

oy <3 = =, E= 9ac
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Gauge Invariance: Jy =— > Jp

L=1

This implies for V acting on a vertex v of a gauge invariant spin network:
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Mathematical Preliminaries: Sign Factors

N-1
} |
Gauge Invariance: Jy =— > Jp
L=1

This implies for V acting on a vertex v of a gauge invariant spin network:

Gy o \/ X (TR~ d(TEN) + (TKN) — (TIN)] s x|

=: > o(IJK) 1k where —4 < o(IJK) <4
I,JK<N
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Mathematical Preliminaries: Sign Factors
N-1

Gauge Invariance: Jy L > JL
L=1

This implies for V acting on a vertex v of a gauge invariant spin network:

Gy o \/ X (TR~ d(TEN) + ((TKN) = «(IIN)] x|

=: > o(IJK) 1k where —4 < o(IJK) <4
I,J.K<N

m We have a sum of hermitian matrices with varying prefactors. What
does that imply for the spectral properties?
7 What sign configurations can be realized at all?
7 What consequences does gauge invariance have?

~» Contact: recoupling of spins <> graph embedding

J. Brunnemann (U Hamburg) Volume Quantization Loops & Foams 2008 17 / 49



Plan

m Computational Aspects

=] = = = El= Dad
J. Brunnemann (U Hamburg) Volume Quantization

Spectral Analysis of the AL Volume operator (with D. Rideout)



Computation of Recoupling Schemes

J“ agmam)
(maz) T
(maz)4
a737 I
agjriam)
a(maz)
al(lmin)
| al™™ [
U}; in) 5 aﬂﬁmzn)
a/g*in)
0 1 1 1 1 1
ap as aa as ag

aN—-1 = jJN
N—-2

1 1 ' 1

aN-3 aN—2aN—-10N = Jiotal = 0
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Computation of Sign Factors
Monte Carlo Setup
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Computation of Sign Factors

Sign factor combinatorics for 4-7-valent non-coplanar vertices

theoretically
N | # triples: | possible number of real- . # realized | multipl.
N oo . . fraction A .
( 3 ) €-sign ized é-sign con- g-configs | xz_g of
configs figs Tr G=0
Tonaw = 2(5) Tr Tmaz -config
4 4 16 16 1 5 6
5 10 1024 384 0.375 171 24
6 20 2% 23,808 0.023 16,413 120
7 35 2% 3,486,720 1.015-107° [3,079.875| 720

In principle also possible to derive the number of
sign-configs by direct analytical computation.

J. Brunnemann (U Hamburg) Volume Quantization
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4-Vertex

€2 €3

€1
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4-Vertex

Analytical Insights

m Special Form: only 1 antisymmetric, D-dim tridiagonal matrix, sign
factor 0(123) only gives overall scaling of the spectrum.

21\123 =

where g, = qx(Jj1, J2, 73, ja)

0

q1
0

o

—q1

0
q2

o

0

_q2 .« e

0 0

0 0

0 0
—qD-2 0

0  —gp-1
dp-1 0
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4-Vertex

Analytical Insights

m Special Form: only 1 antisymmetric, D-dim tridiagonal matrix, sign
factor 0(123) only gives overall scaling of the spectrum.

0 -4 0 -~ 0 0 0
a1 0 —q -+ 0 0 0
0O ¢ 0 -« 0 0 0
7123 = S ST : :
0 0 0 -~ 0 —gpo O
0 0 0 ---gp2 0 —gpa
0 0 0 - 0 goa1 O

Where qr = qk(j17j27j37j4)
Apply techniques from Jacobi matrices on g1o3! J
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4-Vertex

Analytical Insights

m Special Form: only 1 antisymmetric, D-dim tridiagonal matrix, sign
factor 0(123) only gives overall scaling of the spectrum.

Apply techniques from Jacobi matrices on ¢123! J

m Eigenstates V= (Vq,...,Vp), with Zj\lzg\l_} — AV fulfill three term
recursion relation.

(1) AV -V = 0
(M) @e-1Ve-1 = AVp — Vg1 = 0
(111) gn-1Vp_1—AVp = 0
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4-Vertex

Analytical Insights

m Special Form: only 1 antisymmetric, D-dim tridiagonal matrix, sign
factor 0(123) only gives overall scaling of the spectrum.

Apply techniques from Jacobi matrices on ¢123! J

m Eigenstates V= (Vq,...,Vp), with @\123@ — AV fulfill three term
recursion relation. Can explicitely compute
- WforA=0
- components W, as polynomial of the matrix elements
- the fact that spec(qiz3) is non degenerate

- Q123 has smallest non zero eigenvalue \,,;,, contributed by spin
conﬁgs J1~ 2~ 1vj3 ~ Ja ~ Jmax and Apin, > |U(123)| * Jmax

: RN
- upper bound on largest eigenvalue A;,qz scales as (Jmax)?2
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4-Vertex

Overall histogram up to jmax =

126

2
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There are 44,893,393,776 eigenvalues in all, of which 17,364,833,136 are zero.
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More Difficult: Higher Valence

Sign factor combinatorics for 4-7-valent non-coplanar vertices

theoretically
N | # triples: | possible number of real- . # realized | multipl.
N o . . fraction n .
(3) ésign ized &sign con- d-configs | x»_g of
configs figs Tr G=0
Toaw = 2(5) Tr Tmaz -config
4 4 16 16 1 5
5 10 1024 384 0.375 171 24
6 20 2% 23,808 0.023 16,413 120
7 35 2% 3,486,720 1.015-107° [3,079.875| 720
ey ey



5-Vertex

=] = = = El= Dad
J. Brunnemann (U Hamburg) Volume Quantization



5-Vertex

Histogram for each of the 85 &-configurations
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5-Vertex

Smallest non-zero eigenvalue A\'™™ for each of the 85 o-configurations
g v g

12
10
8 e
TN
6 A 2
. i

80

oy <3 = =, E= 9ac
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5-Vertex

Largest eigenvalues
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5-Vertex

Overall histogram up to jmaz =

9e+09

8e+09
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6e+09

5e+09

N, evals
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3e+09

2e+09

1le+09

There are 7,349,844,794,112 eigenvalues in all, of which 212,946,944,688 are zero.
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5-Vertex

Zoom of eigenvalues close to 0 up to jmaz = %
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6-Vertex
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6-Vertex

Smallest non-zero eigenvalue )\(‘;"i") vS. jmax for an arbitrary sampling of 21
&-configurationsup to jmaz = 2

o Rk N W A~ O O

80!

o-configuration

oy S = =, E= 9ac
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6-Vertex

Maximum eigenvalue vs. jmax for the 30 &-configuration equivalence classes
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oy <3 = =, E= 9ac
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6-Vertex
13

Overall histogram up to jmaz = %
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Cubic 6-Vertex

Overall histogram up to jmar = 2
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There are 11,121,868,100 eigenvalues in all, of which 535,933,540 are zero.
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Cubic 6-Vertex

: : 2
Smallest eigenvalues up to jmaz = 5
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Cubic 6-Vertex

Largest eigenvalues at the gauge invariant cubic 6-vertex up to jmax = 5
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- for valence 5 and above the volume operator in LQG can well be
handled numerically. Recoupling theory.
- Signature factors implemented and analytically computed for
5,6-vertex.
m Al-version of the volume operator sensitive to differential structure of
the underlying manifold through signature factors. This factor drives
- presence of smallest non zero eigenvalue
- shape of the eigenvalue distribution

m This makes it difficult, to obtain a semiclassical limit of this operator
using complexifier coherent states!

m The presence of spectral equivalence between different signature factor
combinations related to an internal symmetry of the volume operator
with respect to permutation of the edge labels.

- first steps made in order to understand this symmetry,
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- understand the signature factors of the AL-volume quantization.
- how to geometrically interprete the interplay between recoupling theory
and signature factors?
- how is the RS-volume quantization related to the one of AL?

m General issue;

- Is the signature crucial? Do we want the differential structure of the
foliation hypersurface to enter the quantum theory of gravity? The spin
network functions do not contain information about this.

- What is the counterpart of the classical spatial diffeomorphisms in the
quantum theory? (Semi-)analytic diffeomorphisms, homeomorphisms,
automorphisms of graphs? If we extend beyond diffeomorphisms- what
about the hypersurface deformation diffeomorphisms?

m Future applications:
- compute the Hamilton/Masterconstraint action on spin network
functions.
- taking the signature factors serious: can we use them to label
diffeomorphism invariant states??
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Alternative Definition
Regularization by Koslowski (2007)

m Consider the 6 indep quantities:

bxd? = Aq (b+@) xad? = B,
@xd? = A |(a‘+§)><6|2 = B,
@ xb? = A, |(@+b)xe? = B,

m Idea: can (classically)reconstruct the volume of the cube from the 6
areas.
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