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Effective equations

Quantum effects can often be analyzed by means of quantum
corrections to classical equations, giving rise to observable
phenomena.

This requires effective equations, but their purpose is more
general:

— systematic checks of robustness of effects,

— self-consistent regimes of applicability (such as
semiclassical) via state properties,

— representation independent properties of physical Hilbert
spaces,

— conditions for consistent quantizations of constrained
systems (anomaly-freedom).
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Effective equations

Quantum effects can often be analyzed by means of quantum
corrections to classical equations, giving rise to observable
phenomena.

This requires effective equations, but their purpose is more
general:

— systematic checks of robustness of effects,

— self-consistent regimes of applicability (such as
semiclassical) via state properties,

— representation independent properties of physical Hilbert
spaces,

— conditions for consistent quantizations of constrained
systems (anomaly-freedom).

Do not replace complete quantization, but (i) necessary for
applications and (ii) provide valuable feedback on full
constructions when they are not yet completed.
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Ineffective equations

Caution: Not everything called “effective” is truly effective.

In particular: simply replacing classical functions in some way
(e.g. a=® — d(a) or ¢ — sin(uc)/u, giving rise to p?-corrections to
Friedmann equation) does usually not constitute an effective
equation. Those equations can be analyzed and provide some
iInformation, but they would be incomplete and potentially
misleading.
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Ineffective equations

Caution: Not everything called “effective” is truly effective.

In particular: simply replacing classical functions in some way
(e.g. a=® — d(a) or ¢ — sin(uc)/u, giving rise to p?-corrections to
Friedmann equation) does usually not constitute an effective
equation. Those equations can be analyzed and provide some
iInformation, but they would be incomplete and potentially
misleading.

There are examples, especially of solvable systems, where such
a replacement is OK. But this can be verified only by making
sure that they indeed happen to agree with effective equations,
or that additional quantum corrections are subdominant in the
regimes considered.

Numerical results of isotropic loop quantum cosmology with
free, massless scalar for an unsqueezed Gaussian initial state
confirmed, but new effects emerged in more general settings.
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Overview

1. Effective equations in canonical Hamiltonian systems, with
some remarks on constraints: representation independent
properties of evolving states.

2. Isotropic loop quantum cosmology: a solvable system and
perturbation theory.

3. Inhomogeneity and consistent deformations: potential
observations and some feedback for the full theory.

For more detalls, major update of “Loop quantum cosmology”
(Liv.Rev.Rel.) is being processed.
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Harmonic oscillator

H = 5-p? + Imw?@?, use algebra but no representation:

T 2m
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Harmonic oscillator

AN

H = 5=p* + 2mw?§?, use algebra but no representation:

d (8% H]) o, d@ _ 2
Z(Ag? = 2N _ gy 24 2
d 1
&qu — —mw2(Aq)2 + —(Ap)2
d

subject to (generalized) uncertainty relation
h2
(Ag)*(Ap)* = Cgp =
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Coherent and squeezed states

d 2 d
(A 2 = — (A 2 _ 2
dt( CI) mcqp ; dt( P) mw qu
d . 2 2 1 2
acqp = —mw(Aq)” + E(Ap)

allows non-spreading solutions with C, = 0, Ap = mwAq while
following classical trajectory. Satisfies uncertainty relation

(Ag)*(Ap)* — CZ, > —

if Ag > /h/2mw.
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Coherent and squeezed states

d 2 d
(A 2 = — (A 2 _ 2
dt( CI) mcqp ; dt( P) mw qu
d . 2 2 1 2
acqp = —mw(Aq)” + E(Ap)

allows non-spreading solutions with C, = 0, Ap = mwAq while
following classical trajectory. Satisfies uncertainty relation

if Aq > /h/2mw. =

Squeezed states:

spread oscillating if C,, # 0.
Correlations bounded

for given fluctuations. t
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Quantum back-reaction

More involved in general, e.g. anharmonic oscillator

A 1 1 1 1
= _— 52 N = 52 L Zenw262 4+ ZG3
5D + V(q) 5P+ 5mMWwiG + A
Equations of motion
d R 1 R d . 2/ A A\ 2 2
—{(q) = — —(p) = — — A — AA
P () m<p> v (P) = —mw(q) — A (q) (Aq)

couple expectation values to fluctuation.
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Quantum back-reaction

More involved in general, e.g. anharmonic oscillator

A 1 1 1 1
= _— 52 N = 52 L Zenw262 4+ ZG3
5D + V(q) 5P+ 5mMWwiG + A
Equations of motion
d R 1 R d . 2/ A A\ 2 2
—{(q) = — —(p) = — — A — AA
P () m<p> v (P) = —mw(q) — A (q) (Aq)

couple expectation values to fluctuation.

d 2

- 2 — -
d (Ag) qup
d 1
acqjg _ Ecqp + mw?(Ag)? + 6A(G)(Aq)? + 3AG*?

with higher moment G%° = ((¢ — (¢))?), and so on . ..
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Quantum variables

Useful set of coordinates: classical variables ¢ = (), p = (p),
and (overcomplete?) quantum variables (n > 2,0 < a < n)

G5 = {(q = {@)" (D = (§)* ) Wey
Poisson brackets from commutators {(A), (B)} = <[ ]}/zh:
{C] p} — 1, {q,Gan} — () = {p7Gan} {Gan Gbm} _

[MB, A. Skirzewski: math-ph/0511043, hep-th/0606232]
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Quantum variables

Useful set of coordinates: classical variables ¢ = (), p = (p),
and (overcomplete?) quantum variables (n > 2,0 < a < n)

G = (¢ = ()" (P = (D)) Wey1
Poisson brackets from commutators {(A), (B)} = <[ ]>/zh
{q p} — 1, {Q,Gan} — () = {p7Gan} {Gan Gbm} _

Quantum variables dynamical just as classical variables: change
In time If wave packet spreads, deforms and back-reacts on
classical variables which determine the wave packet’s peak
position.

Exact behavior determined by Schrodinger equation, or by

quantum Hamiltonian Hg := (H) which couples classical and

guantum variables.
[MB, A. Skirzewski: math-ph/0511043, hep-th/0606232]
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Quantum Hamiltonian

Example: an-harmonic oscillator with classical Hamiltonian
H(q,p) = 5=p* + mw?q® + U(q); use dimensionless
éa,n _ h—n/2<mw)n/2—aGa,n.

Quantum Hamiltonian with coupling terms

Hg = (H(q,p)=(H(q@+(G—q),p+ (—p)))
1, 1 9 9 hw ~0,2 | 42,2
= 5P+ 5mwig +U(q)+—2 (G™" +G™7)

Z : (n) 0,n
+n>2 n! (mw) PEEENE

(Formal expansion as shortcut to equations of motion from
commutators.)

Effective equations of motion
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Equations of motion

Hg generates Hamiltonian equations of motion f = {f, Hp):
Y
j = =
m
2 / 1 h i (n+1) ~0
) = = —U'(q) — U Go"
p mw’q — U’ (q) zn: - (mw> ()
9 - - U’ -
Goen  — _awGa—l,n + (n . a)wGa—i—l,n —a (C]) Ga—l,n
mw
+\/ﬁCLUW(BQ) Ga—1n—130.2 | hGUW(CIJ Ga—1n—170,3
2(mw)? 3l(mw)
a \/ﬁUW(CI) ~a—1,n+1 hUW(CI) ~a—1,n+2
—— —G - 5 G —F oo
ooly many coupled equations for coly many variables.
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Low energy effective action

Consistent truncations to finitely many variables possible.
Semiclassical expansion, followed by adiabatic approximation:
solve approximately for leading G*™ and insert into equations of
motion for ¢ and p.

To first order in A, second order in adiabatic approximation:

hU/// 2
m + ) q

32m2wd (1 + U”(Q))

mw?

h(jQ (4mw2U”’(q)U’”’(q) ( mw2 U///( ) )

128m3w’ (1 4 Uy )) .

mw?2

hU///( )

_|_

- =0.

+mw?q + U'(q) +
dmw (1 — mu(ﬂ)) 2

Effective equations of motion
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Action principle

Agrees with 1-particle irreducible low energy effective action

h 11\ 2 b))
Toglg] = /dt m -+ W) )4
32m2(w2—|—%)5 2

1, i U\
- —Uu-= (1
g 4 Y 2 ( R

to first order in 4 and second order in adiabatic expansion.

Effective potential visible at first order in 2 and zeroth order in
adiabatic expansion; mass “renormalization” at second order in
adiabatic expansion. At higher orders: higher derivative action.

Adiabatic approximation is not necessary as part of general
effective equations, may not always be applicable.
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Properties

— Quantum corrections arise from back-reaction of
fluctuations and higher moments (loop corrections) unless
system is harmonic (free).

—— State properties such as fluctuations are computed along
the way, starting from initial state through initial conditions
(interacting vacuum/dynamical coherent states).

— Procedure manageable if free system is available as

perturbative basis: linear system, [J;, H] = 3_ . a;;.J; for complete

set of basic operators .J; such that Ehrenfest equations close.

For canonical basic variables, H must be quadratic.
But more possibilities in non-canonical variables (e.g. loop
variables).
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Properties for constrained systems

[in progress with Barbara Sandhofer and Artur Tsobanjan]

—— Effective constraint by expectation value

AN

Colgq,p, G*™) = (C) = 0. But: a single constraint function can
remove at most two variables, not the whole tower of quantum
variables associated with one classical degree of freedom.

Thus, use infinitely many constraints of the form (f (4, p)C™) = 0.
Finite subset in approximations, or use technigques as Iin [Dittrich].
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Properties for constrained systems

[in progress with Barbara Sandhofer and Artur Tsobanjan]

—— Effective constraint by expectation value

AN

Colq,p, G*™) = (C') = 0. But: a single constraint function can
remove at most two variables, not the whole tower of quantum
variables associated with one classical degree of freedom.

Thus, use infinitely many constraints of the form (f (4, p)C™) = 0.
Finite subset in approximations, or use technigques as Iin [Dittrich].

— Reality conditions implementable after imposing constraints,
iIndependently of whether zero is in the discrete or continuous
part of the spectrum of the constraint operator.

— Off-shell constraint algebra can be checked at effective
level, and order by order in approximations.

Thus, many issues of specific representations of states,
operators and the physical inner product can be avoided.
Yet, key requirements implemented.
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|sotropic cosmology

Linear system available for cosmology?
Hamiltonian constraint ¢*+/|p| = 4”2(; ‘p‘_g/Zpé for free scalar ¢;

Ip| = a? (triad), ¢ = ~va (connection, spatial flatness).

Effective equations of motion — p.15
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|sotropic cosmology

Linear system available for cosmology?
Hamiltonian constraint ¢*+/|p| = 4”2(;\19\ 3/2p2 - for free scalar ¢;
[p| = a? (triad), ¢ = ya (connection, spatial flatness).

Solving for p, yields |pg| o< |cp| =: |H|, or H = V P in any
canonical pair V := p!=% P := p¥cfor —-1/2 < x < 0.
(#=—1/2:"p", 2 = 0: “po”)

|H| interpreted as Hamiltonian generating the flow in ¢: internal
time. Hamiltonian quadratic, except for absolute value | - |.
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|sotropic cosmology

Linear system available for cosmology?
Hamiltonian constraint ¢2/Jp| = 21
Ip| = a? (triad), ¢ = ~va (connection, spatlal flatness).

Solving for p, yields |pg| o< |cp| =: |H|, or H = V P in any
canonical pair V := p!'=*, P := p*cfor —1/2 < 2 < 0.

(.CE — _1/2 “ILL” T = O ILLO”)
|H| interpreted as Hamiltonian generating the flow in ¢: internal
time. Hamiltonian quadratic, except for absolute value | - |.

But: exact free evolution for any state initially not supported on

negative/positive part of specH. Positive/negative H: analyze
left- and right-moving solutions separately.

(Boundary effect at H = 0 much less important than potential
Interaction terms.)

p|~3/?p, for free scalar ¢;

Effective equations

of motio
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P=P

Equations of motion

Quadratic Hamiltonian; decoupling of classical and quantum
variables.

] V = -V : GOQ — QGO?Q : G.1>2 — 0 7 GQ,Q _ _2G2,2

solved by P(¢) = ci1e?, V(¢) = cae=?, GY2(¢) = c3e2?,
G12(p) = ¢4 and G?2(¢) = c5e??. Singular: V = 0 reached.

Semiclassicality preserved: constant relative spread
AV/IV =vG?*2/V.

Uncertainty relation: czcs > h?/4 + c4.

When saturated, exact solutions for expectation values and
fluctuations of dynamical coherent states.

Effective equations of motion
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P=P

Equations of motion

Quadratic Hamiltonian; decoupling of classical and quantum
variables.

, V = -V : G.OaQ - QGO?Q : GLQ — 0 7 GQ,Q _ _2G2,2

solved by P(¢) = ci1e?, V(¢) = cae=?, GY2(¢) = c3e2?,
G12(p) = ¢4 and G?2(¢) = c5e??. Singular: V = 0 reached.

Semiclassicality preserved: constant relative spread
AV/IV =vG?*2/V.

Uncertainty relation: czcs > h?/4 + c4.

When saturated, exact solutions for expectation values and
fluctuations of dynamical coherent states.

Loop formulation: Holonomies as basic operators, not

connection; difference equation described by pyy = \V/Si\nPW
iIn some ordering, non-quadratic, large corrections for P ~ O(1).
(Corrections to inverse volume ignored at this stage.)

Effective equations of motion
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Harmonic loop guantum cosmology

Introduce .J := VeiP, linear H = —Li(.J — Jt) in specific
ordering. Solvable model results. [gr-qc/0608100]

But non-canonical variables (V, .J), centrally extended sl(2, R)
algebra

Vv, /=8t |, [V,J=-njt | [J,J=—2KV — K2

Effective equations of motion — p.17
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Harmonic loop guantum cosmology

Introduce .J := VeiP, linear H = —Li(.J — Jt) in specific
ordering. Solvable model results. [gr-qc/0608100]

But non-canonical variables (V, .J), centrally extended sl(2, R)
algebra

Vv, /=8t |, [V,J=-njt | [J,J=—2KV — K2

Equations of motion

V=-—1J+J) , J=-iV+h=J
with general solution
V(p) = i(Ae™?+ Be?) - 1h
J(¢) = 3I(Ae ?— Be®)+iH

“Bounce” since |V| — oo for ¢ — +o00, but could enter deep
guantum regime if AB < 0; solvable model would break down.
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Reality condition

Classical: JJ = V2. Quantum: JJ' = V2. Related to physical
inner product: exp(iP) becomes unitary operator.

Expectation values: [(J)|? — (V) + 1h)2 = GVV — G77 + 1r2.
Implies AB = H? + O(h), bouncing solution (¢2° = B/A)

V(¢) = Hcosh(¢p —06) , J(¢) = —H(sinh(¢p — ) — 1)

Effective equations of motion — p.18
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Reality condition

Classical: JJ = V2. Quantum: JJ' = V2. Related to physical
inner product: exp(iP) becomes unitary operator.

Expectation values: |(J)|? — (V) + ih)? = GVYV — G77 + Li2.
Implies AB = H? + O(k), bouncing solution (e2° = B/A)
V(¢) = Hcosh(¢p —06) , J(¢) = —H(sinh(¢p — ) — 1)

Uncertainties:

GVV _ _GVJ - GVJ_ ’ GJJ _ —QGVJ ’ GJJ _ —QGVJ_
G°VJ _ —%GJJ - %GJJ_ - GVV 7 GVJ_ _ _lGjJ_ - %GJJ - GVV
GJJ_ _ _GVJ L GVJ

— Reality preserved: GVV — G77 = 0.
— Near saturation, (AV)? = GV ~ hHcosh(2(¢ — §3)).
In general, d5 # §: asymmetric fluctuations.
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Effective Friedmann equation

Linear system: Precise effective Hamiltonian

py = (H) = (2i)~*(J — J) = V sin P, equation of motion
V. 1, - J+J \/
— — [V, H) =" — _ P=-—V4/1—
i Z,h<[V, ) 5 V cos

(%)

Effective equations of motion

—p.19



PENNSTATE

B

Effective Friedmann equation

Linear system: Precise effective Hamiltonian
pe = (H) = (2i)~*(J — J) = V sin P, equation of motion
dv. 1, a0 J+J

a5 =V D) === = —Veos P = —V\/l - (%)2

Using ¢ = V—3/20-2)p, this implies

. dV 2 . D 2
2 _ [ &£V 2 _ 2v/—(142z)/(1—=z) (e
v ( dé ) b=V (1 ( 7 ) )

and the corrected Friedmann equation

-\ 2
a 1
<E> = o1 gy Pee(l = 2077 piee)

for a free, massless scalar: evolution of expectation value.
Proves correctness of this effective equation [gr-qc/0608100],
reproduced recently from exact wave function.

[Ashtekar, Corichi, Singh: 0710.3565]

Effective equations of motion
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Fluctuations [gr-gc/0703144]

GV (p) = %(636_2¢ + c4e??) — 3(61 + ¢2)

G () = %(636_2¢ + c4€2?) + 3(302 —¢1) —i(cse? — cge™?)
ij(ﬁb) - %(636_2q25 + c4€2?) + 3(302 — c1) +i(cse? — cge™?)
GVI(6) = Llese — eae®) + (ese? + e )

GYI(0) = lese™ — ese®) — L(ese + coe?)

G7(8) = Slese™ ) + 1 (3 —
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Dynamical coherent states

Uncertainty relations

GVVGJ+j,J+j o (GV,J—I—j)Q > h2H2
i(J—J),i(J—J i(J—J 1 7 7
GVVG (J=J),i(J—J) (GV, (J J))Q > Zh2(<‘]> 4 <JT>)2
GJ+j,J+JGi(J—j),7L(J—J) - (GJ+j,i(J—j))2 > h2(2<V> 4 h)Q

Saturation (using (V)(¢) = A cosh(¢) — Lh) implies:

1
desey, = HPR? + Z(Cl + (32)2
1
(c1 — c2)e3 — cg — 1A2h2 = (c1 — co)eq — cg
descg = A R+ c5 —cf

where (AH)? = 1(c1 — ¢3) and A% = H? 4 ¢; — 112 (reality).
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Change of fluctuations

Solution:
. GVV . GVV ‘CS . C4|
— | lim _ — I — >
d——co (V)2 oo (V)2 A

CLE [ m amy@uHE 1w EE ) (an)
A A2 4 A2 A? 4 A? A? A4
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Change of fluctuations

Solution:

CLE [ m amy@uHE 1w EE ) (an)
A A2 4 A2 A? 4 A? A? A4

Compare with [Corichi, Singh: 0710.4543]
D < 8Be ~8AP/P

Similar, but here much sharper: right hand side of order relative
fluctuation squared, not linear.

Example: Be; ~ as(AV/V), ~ /az107°7, thus D < /a3107°7.

Effective equations of motion — p.22
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Change of fluctuations

Solution:

CLE [ m amy@uHE 1w EE ) (an)
A A2 4 A2 A? 4 A? A? A4

Compare with [Corichi, Singh: 0710.4543]
D < 8Be ~8AP/P

Similar, but here much sharper: right hand side of order relative
fluctuation squared, not linear.

Example: Be; ~ as(AV/V), ~ /az107°7, thus D < /a3107°7.
(AV/V)2 < Jazl07°" + (AV/V)2 &~ \/az107°7, thus
(AV/V)_ =~ al/* 10728 ~ o2/*1028(AV/ V)4

Effective equations of motion — p.22
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Cosmic forgetfulness [Nature Phys. 3 (2007) 523]

No strong restrictions for dynamical coherent states.
Solve for ¢4, divide:

(AV)_
(AV)4

B

2
4 (% - 1) (AH)* +4 (A2 — H” + ih2) (AH)? — A%R? =: 46°

Order of magnitude not small, easily of O(10).
Not strongly restricted even for ¢; + ¢co = 0, minimizing cscy4 In
saturation equation 4cscy = H2h? + £ (c1 + c2)%.

Effective equations of motion — p.23



PENNSTATE

Sensitivity [0710.4919]

Asymmetry of fluctuations before and after the big bang
extremely sensitive to initial values (A, H, AH).
For different values of H = (H), steepness increasing:
50 ; Il T T T T
40 ‘/’i i
AL 30 : /i/ A
‘1 ~ A ] /
200 |
10
0 A v =
1 1.01 1.02 1.03 1.04 1.05
A/H
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Interactions [MB, Hern andez, Skirzewski: 0706.1057]

Free bounce model may replace harmonic oscillator as “free”
gravitational theory even with loop quantization. Matter potential,
anisotropy or inhomogeneities may be included perturbatively.

Effective equations of motion — p.26
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.._,t_"'-
Interactions [MB, Hern andez, Skirzewski: 0706.1057]

Free bounce model may replace harmonic oscillator as “free”
gravitational theory even with loop quantization. Matter potential,
anisotropy or inhomogeneities may be included perturbatively.

Effective equation with non-zero potential:

J+J J+J

p = — 9 T (J—J_)ngv(¢)
37 J(‘] T];] (677 + 67— 267V (9)
P2(J+J) , . p(J+J)
—ﬁﬂj 7 m%’<;ﬂvaﬁaj J)G V()
2p? 3p?

~(G? — GIY\WV () + ~(GP + GP )V (¢)

(J J)3 (J — J)2
together with equations for J and G%2 as independent variables.

Effective equations of motion
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Effective Friedmann equation  [0801.4001]

AnG\ 2? W' A7 G 2

Pcrit a’

with fluctuation-corrected pg and correlations 7.

Effective equations of motion
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Effective Friedmann equation  [0801.4001]

ArG\3/* po PeWn A7 G\ *
N ke 1 — o W 2 2
( 3 ) \/ Perit @3 +< 3 ) (@)
with fluctuation-corrected pg and correlations 7.

Local evolution near semiclassical state not changed much, but
correct guestion: What happens to bounce if an initial

semiclassical state at large volume is evolved all the way to
small volume?

Generically, quantum states (including n), change much during
long evolution. Quantum corrections in effective equations
crucial; not enough known to conclude generic presence of
bounces even in isotropic models.
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Further models

— Positive spatial curvature: Not exactly solvable, thus
guantum back-reaction. But only significant around recollapse,
where quantum variables behave like

: P : 1 V

GPP _ GPP 7 GVP _ GPP
\ /P2 + 1 2 (P2 + 1)3/2

GVV . |4 VP P GVV

G
(P2 4 1)3/2 VP2 +1

Volume fluctuations change significantly only for squeezed
states, GV¥ £ 0.

Effective equations of motion
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Further models

— Positive spatial curvature: Not exactly solvable, thus
guantum back-reaction. But only significant around recollapse,
where quantum variables behave like

: P : 1 V
GPP _ GPP 7 GVP _ GPP
\ /P2 + 1 2 (P2 + 1)3/2
GVV . |4 VP P GVV

(P2 4 1)3/2 VP2 +1

Volume fluctuations change significantly only for squeezed
states, GV¥ £ 0.

— Positive cosmological constant: classical volume diverges at
finite ¢, and so do volume fluctuations in perturbation analysis.
Here, quantum back-reaction becomes dominant and could
radically change the volume expectation value.

Conjecture: Behavior of guantum variables, convergence issues
reflect properties of self-adjoint extensions of Hamiltonian.

Effective equations of motio
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Reduced variables

Recall: variables V := p!=%, P := p®cfor —1/2 < x < 0 of
solvable model xz-dependent, which affects perturbations. In
particular, P(c,p) used in “holonomies” and J = V exp(iP),

which become triad dependent.

Effective equations of motion — p.29
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Reduced variables

Recall: variables V := p!=%, P := p®cfor —1/2 < x < 0 of
solvable model xz-dependent, which affects perturbations. In
particular, P(c,p) used in “holonomies” and J = V exp(iP),
which become triad dependent.

Explained by average treatment of lattice refinement in
Inhomogeneous setting: holonomy along straight curve of length
/o evaluated In isotropic connection ¢:

h = exp(ilyc) = exp(ifoc/Vol/S) = eXp(iC/N1/3>

where N is the number of vertices in a cell of (coordinate)
volume V{,. Reduction done for fixed lattice, but average
treatment allows for dependence of A on the total spatial
volume. (Inverse corrections enlarged from refined fluxes.)

— No dependence on Vj (“gauge”) for any x.
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Conseguences

— Triad dependent holonomies, where ' « V¥ with 0 < k < 1
implies —1/2 <z < 0in P = p”c.

Examples: e For z = 0 (“10”), no refinement since N = const.
Not suitable for all semiclassical regimes, mainly in presence of
a positive cosmological constant. Also: bounce can happen too
early due to an unrefined discrete quantum gravity state.

e Forz =—-1/2 (“n"): N o V, discreteness scale preserved even
during expansion. Several other phenomenological
considerations point to x ~ —1/2, but may be larger.

Effective equations of motion — p.30
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Conseguences

— Triad dependent holonomies, where ' « V¥ with 0 < k < 1
implies —1/2 <z < 0in P = p”c.

Examples: e For z = 0 (“10”), no refinement since N = const.
Not suitable for all semiclassical regimes, mainly in presence of
a positive cosmological constant. Also: bounce can happen too
early due to an unrefined discrete quantum gravity state.

e Forz =—-1/2 (“n"): N o V, discreteness scale preserved even
during expansion. Several other phenomenological
considerations point to x ~ —1/2, but may be larger.

e Anisotropy: Different possibilities for direction dependence of
refinement. New feature: Not necessarily equidistant difference
equation. [MB, Cartin, Khanna]

Appears necessary for good behavior with positive spatial
curvature. Even N «« V (“11") seems problematic e.g. near the
horizon of Kantowski—Sachs models. [Bshmer, vandersloot; Chiou]
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Covariance?

Dynamics changes, classical symmetries may not be preserved.
Equations have to satisfy consistency requirements:

Anomaly freedom in space-time gauge symmetries becomes
non-trivial in inhomogeneous situations.

Direct treatment:
Quantum commutator [H[N], H[M]] of correct form?

A

Which semiclassical state for effective Hamiltonian (H)?
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Covariance?

Dynamics changes, classical symmetries may not be preserved.
Equations have to satisfy consistency requirements:

Anomaly freedom in space-time gauge symmetries becomes
non-trivial in inhomogeneous situations.

Direct treatment:
Quantum commutator [H[N], H[M]] of correct form?

A

Which semiclassical state for effective Hamiltonian (H)?

Canonical effective procedure:

First compute (or parameterize) effective constraints, then check
effective constraint algebra.

Properties of dynamical semiclassical state determined order by
order in expansion (just like interacting vacuum in perturbative
guantum field theory).
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Current results

[In progress with Golam Hossain, Mikhail Kagan, Juan Reyes, .. .]

Focus so far mostly on corrections from inverse triad
components, rather than holonomies or quantum back-reaction.

Consistent deformations found in several cases, including
spherical symmetry and linear cosmological perturbations
around spatially flat Friedmann—Robertson—Walker.

Most non-trivial: scalar modes. Equations of motion for
gauge-invariant perturbations containing quantum corrections
found such that:

—— Result from first class constraint algebra, but with
corrections to the classical algebra.

—— Requires off-shell closure of constraint algebra, realized to
linear order in effective constraints.

— Quantum corrections computed (in incomplete derivation)
from quantum constraints Cg, but kinematical coherent states
not sufficient.

Effective equations of motion — p.32
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Gravitational waves [MB, G. Hossain: 0709.2365]

Example: Propagation of gravitational waves compared to light.
Hamiltonian (non-trivial correction o from inverse triad)

1 e L |
He [ daa(En = (e Fl - 2014+ 91 KK
>

B 167TG A /‘det E| [C

Implies linearized wave equation

1071... : 9 . | |
- [—h; 422 (1 ~ ada/da) hi — av%g] = 87GII!

2 | o a Q

for tensor mode A, on cosmological background with scale

factor a and source-term II°.
Dispersion relation for gravitational waves:
.

a > 1 (for a > a,) from perturbative corrections: super-luminal?

Effective equations of motion

—p.34



PENNSTATE

Causality

Compare with electrodynamics, Hamiltonian:

2T
HEM — / dsx [@EM(ch) EaEanb + 6EM(QCCZ) f F Fc e bd
>

Va 167
wave equation
O (agyOrAa) — BeMVZ A, = 0

dispersion relation
2 2
w” = agMmPEMK

Also “super-luminal” compared to classical speed of light.

Anomaly-freedom:

o = apMfPEM

from effective constraint algebra, physically not super-luminal.

Effective equations

of motion

—p.35
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Conclusions

Effective equations can be systematically derived in canonical
formulation, provided a free solvable system is available as in
loop quantum cosmology. Provides exact effective equations as
well as basis for perturbative effective equations in more
complicated systems. Handle on physical Hilbert space.

Control over dynamical coherent states. Generically, fluctuations
before and after bounce unrelated due to squeezing.
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Conclusions

Effective equations can be systematically derived in canonical
formulation, provided a free solvable system is available as in
loop quantum cosmology. Provides exact effective equations as
well as basis for perturbative effective equations in more
complicated systems. Handle on physical Hilbert space.

Control over dynamical coherent states. Generically, fluctuations
before and after bounce unrelated due to squeezing.

Interactions: additional correction terms. Small as long as state
semiclassical, but become important as state develops stronger
guantum features. Especially important for cosmology.

Reduction of basic operators from full holonomy-flux algebra
gives rise to different models depending on lattice refinement.
Too narrow focus (initially: 19, more recently: i) may be
dangerous. Precise form already constrained in models, thus
providing feedback for full theory.
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